Basic Equations



Momentum equations:
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Here the total derivative is defined as
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QG Omega Equation: Physical
Interpretation of Terms



Vertical Motion
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* Use momentum, vorticity, and thermodynamic equations in quasigeostrophic
(QG) framework to obtain diagnostic equation for vertical motion (w)




QG Omega Equation (Traditional form)

dT
d((g + f) = f a_a) QG vorticity equation — ﬁaa) QG thermodynamic equation

. op dt  Rg
Here 2= (50) + 0 (55),+ % (55) = (&), — Vo ¥a0)

Assume thermal wind balance is maintained locally

Remove time derivatives
Combine See Bluestein Voll p329.

V2 fo 07N yofod Ly 1y Ragey v 1) Qg tion (traditional form)
+2—|o=-2—[-V,- p((g+f)]—a—vp(— g VpT) omega equation (traditional form

o 0p? o dp p \

2nd derivative in space of w * Laplacian gf te_mperature advection by
geostrophic wind

Proportional to negative of w ,
* Warm advection, w<0 (ascent)

RHS (“forcing”) positive, w<0 (ascent) )
RHS (“forcing”) negative, w>0 (descent) Cold advection, w>0 (descent)

» Differential advection of geostrophic absolute vorticity by the

w = sin(np/po) sin(kx) sin(ly) geostrophic wind

(V5 +

f 2 2 * Cyclonic vorticity advection increasing with height, w<0 (ascent)
UO . )a)z — [(k2 + 12) + ;02?] 0] * Anticyclonic vorticity advection increasing with height, w>0 (descent)
0



QG Omega Equation: differential vorticity
advection term
fo 0

~o o |-V, - V,(3, + f)] Differential advection of geostrophic absolute vorticity by the geostrophic wind
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QG Omega Equation: differential vorticity

advection term
fo O

———|-V,-V,({, + f)] Differential advection of geostrophic absolute vorticity by the geostrophic wind

534 = 500 hPa height
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over surface high 2 w > 0 descent over surface low 2 w < 0 ascent



QG Omega Equation: thermal advection term

——dVZ%(—Vg . VpT) Laplacian of temperature advection by the geostrophic wind
op

534 = 500 hPa height

= SLP
\ 540




QG Omega Equation: thermal advection term

— G—ZVZZ,(—Vg . VpT) Laplacian of temperature advection by the geostrophic wind

== 500 hPa height
- SLP
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beneath downstream ridge 2>
J w < 0 ascent

beneath trough 2 w > 0 descent



QG Omega Equation (Summary)

2 62
<V2 +fi—>w = ———[ Vg Vp({g +f)] —Vz( VgV T) See Bluestein Vol1 p329.
o Op? o dp . c

 Vertical motion (A) =B + C

* Term B: differential advection of geostrophic absolute vorticity by the
geostrophic wind

* Cyclonic vorticity advection increasing with height = rising motion
* Cyclonic vorticity advection decreasing with height = sinking motion

* Term C: Laplacian of temperature advection by the geostrophic wind
* Rising motion with warm advection
* Sinking motion with cold advection

* Both terms are scaled by static stability: stronger response with steeper
lapse rates (weaker static stability)



Reflectivity Mosaic 700 hPa Z and QG Omega Forcing (Term B+Term C)
23557/31 Jan 2021 00Z/1 Feb 2021

https://www2.mmm.ucar.edu/imagearchive/ https://inside.nssl.noaa.gov/tgalarneau/real-time-qg-diagnostics/
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QG Omega Equation traditional form “problems”

* Forcing due to differential vorticity advection and thermal advection often do not coincide
e Terms are not Galilean invariant

-
\ -
P d
Pd

== 500 hPa height
- SLP

A Q-vector form

of omega equation
is preferred by

) many for a number
------------ of advantages.

See Bluestein book

cancellation Vol1 p353.

(differential vorticity advection says ascent; thermal advection says descent)



Geostrophic forcing and ageostrophic response

* Geostrophic advection acts to destroy thermal wind balance
» Ageostrophic circulation acts to restore/maintain thermal wind balance (TWB)

Thermal wind balance: =< = — —= V2T
op  fop "

op fop
X ~VET >0
cold o Typin =2 cold
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* Consider situation where differential cyclonic vorticity advection acts to make % <« 0; QG omega
equation also says this is associated with rising motion P

 TWB is destroyed = temperature is out of balance (not cold enough) with the increased strength
of vorticity aloft (too strong for the temperature)

* How does rising motion (ageostrophic circulation) help to restore TWB?



Geostrophic forcing and ageostrophic response

* Rising motion can restore TWB by: TWB: aﬁ . Rq

. . 9y . . . 9y -
Opposing changes to T (recall vorticity advection makes T < 0) ap fop

* Adjusting temperature to make RHS of TWB equation more negative



Geostrophic forcing and ageostrophic response

* Rising motion can restore TWB by: TWE a(g Ry V2T
. : 9¢g . : a¢ - A T T .. Vn
Opposing changes to T (recall vorticity advection makes a_pg K 0) 6p fop
* Adjusting temperature to make RHS of TWB equation more negative
: . . dllg+f ow
* Consider RHS of QG vorticity equation ( on ) fogy
0 0
p A fo% <0 % <0
Vertical compression 2 (3 Dynamic effect of w < 0 reduces effect of
w <0 E(T;) >0 differential vorticity advection —
X
Vertical stretching ow a¢ ]
fogy >0 a—f >0 Decrease the change to the left hand side



Geostrophic forcing and ageostrophic response

e Rising motion can restore TWB by:

ag TWB: —= = ——=ViT
* Opposing changes to (recaII vorticity advection makes < 0) ap fop
e Adjusting temperature to make RHS of TWB equation more negatlve
+f
« Consider RHS of QG vort|C|ty equation 4 g ) =Vo3m
gw g
p A fo dp < 0 ot <0 .
5 (3¢ Dynamic effect of w < 0 reduces effect of
w<0 E(an) >0 differential vorticity advection
X
50 %
®op at =0

dT
* Consider RHS of QG thermodynamic equation 3 = %Gw

A
P 5 Thermodynamic effect of w < 0 is to adjust
<o Al —<_&V121T> <0 : : : dg
— cooling "¢ It\ fop temperature field to be in TWB with new P
] -- Increase the rlght hand side to match

change to the left hand side



