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transfer from one region to the other. A version of the expanding seheme prop
here should be adaptable to other methods. -

The basic idea should be applicable in a wide class of flows. The domain of iy
is subdivided into two subdomains, one bounded near the boundaries, and ope awal
from the boundaries, possibly unbounded, depending on the problem.:In the dq w‘,
near the boundary the equations of motion are solved by the vortex method, Inthy
other domain a suitable finite-difference methed, or another method of a non-randgy
type, can be chosen, with care taken if this domain is unbounded. s
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The theory of Aux-corrected transport (FCT) developed by Boris and Book [J. Compur.
Prys. 11 (1973) 38; 18 (1975) 248; 20 (1976) 397] is placed in a simple, generalized formal,
and a new algorithm for implementing the critical flux limiting stage in multidimensions
without resort to time splitting is presented. The new flux limiting algorithm allows the use
of FCT techniques in mquidimensional fluid problems for which time splitting would
produce unacceptablc numerical results, such as those involving incompressible or nearly
incompressible flow fields. The “clipping”™ problem associated with the original one dimen-
gional flux limiter is also eliminated or alleviated. Test results and applications to a two
dimensional fluid plasma problem are presented.

1. INTRODUCTION: FCT DEFINED

Consider the following system of equations

where w and f"are vector functions of independent variables x and 2. A simple example
of such a system of equations would be the one dimensional equations of ideal,

mviscid fluid flow:
L p pv
(5 )
pE pvE -+ Pv

vhere p, v, P and F are the fluid density, velocity, pressure and specific total energy
mspectively.

We shall say that a finite difference approximation to Eq. (1) is in conservation
(or “flux™) form when it can be written in the form

with — wr — AxFam — Fimuml @)

Here w and f are defined at the spatial grid points x; and temporal grid points 1",
ud Ax; = 3, — X;_1). The Fyy s are called transportive fluxes, and are functions
offat one or more of the time levels r®. The funetional dependence of Fon f defines
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the integration scheme {(leapfrog, Lax-Wendroff, Crank Nicholson, ?OHOL lc:élr,l :tﬁ)
1t is well known that higher order {(order 2 and”al?ove) scher‘nes} Olr nnear Sta y
integrating Eq. (1) suffer from dispersive “ripples” 1n W, partllc_::u‘a;rglfcm i l.:eﬁ
gradients in w. Lower order schemes, sutlzh as donor cell, Lax- rie ll b,Ut B ﬁg
order schemes with a zeroth order diffusion added, produce no fltpp es out s er
from excessive numerical diffusion. Flux—correcte(.l transport (FFC'IO )t ﬁs e:: e aque
developed by Boris and Book [1-3] which embodies the best.o ﬂo 0.mt ¢ o
worlds. 1n its simplest terms, FCT constructs the net transportive gx p:; hcmz :[?ém
(non linearly) as a weighted average of a flux com'put(.ad b.y a low order s cheme Whic;
flux computed by a high order scheme. The weighting is done "'lb? l:r anner W
insures that the high order flux is used to the gree?,test (.:xtept possi g 1-; © refer::d
ducing ripples (overshoots and undershoots). This welg}'ltlng pliol;we ume C.[ear e
to as “flux-correction™ or “ﬂux—!imiling”-for reasons which sha . e’co o Contac{
The result is a family of transport alporithms capable of remlw[!% mo?' ti; o
discontinuities over 3-4 giid points, and shock fronts over 2 gri .pom S, out
undershoot or overshoot {1-3]. Formally, the procedure is as follows:

(1) Compule Ff oy the transportive flux given by some low orc(lfr scheme
guaranteed to give monotonic (ripple-free) results for the problem at han

4 ive i i 3 high order scheme
{2) Compute FIf g - the transportive flux given by some hig
(3) Define the “antidiffusive flux”:
o L
Ay = P‘l{{f(lﬂ"_") — Fiiam
(4) Compute the updated low order (“transported and diffused”’) solution:

gl L
wfd = w," — Ax; MFiam — Fiqml

(5) Limit the A in a manner such that w™!' as computed in step 6 below
is free of extrema not found in wht or wh!

A i = Coramdiram > 0= Civrm = |
(6) Apply the limited antidiffusive fluxes:
; c
wit = wi' — Ax? A — Aimauml

. . . ) "
The critical step in the above is, of course, step 5 which will Efldlsculs;e;;h(;;té
In the absence of the flux limiting step (A7 a2 = A m) W wou p
the time-advanced high order solution. - , .
eW:: note that this definition of FCT is considerably more gegelral l_h:m haslbegn il:ii
; Rl .

i i format, the range of FCT’s applicability is seen 10
previously. In this new s : i e e
i i heme for which the difierence
arge, extending to any fluid transport sc - .
lordgo::r monotonic time advancement operator anfl a h-lgher 01‘-dcr opeljat(;rdcazom

written as an array of fluxes between adjacent grid points. This could include
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jmplicit and explieit Eulerian schemes as well as finite element and Lagrangian
methods. For Lagrangian schemes in particular, it is possible that the resolution
of shock waves could be improved dramatically by defining “antidiffusive fluxes”
that are equal and opposite to the fluxes due to artificial viscosity. For multidimen-
sional Lagrangian codes, this last application was an impossibility before the develop-
ment of the new flux limiting algorithm to be described in Sections 1V and V1.

We also note that the hybridization techniques of Harten and Zwas [8] can be
placed in the above format by performing some algebraic manipulation and replacing
siep 5 by an algorithm completely different from those to be described here. Thus the
differences between hybridization and FCT are due entirely to the differences in the
allimportant step 5.

1. MULTIDIMENSIONAL FLUX-CORRECTED TRANSPORT

Before proceeding to adiscussion of flux limiting, let us see how the procedure given
above might be implemented in multidimensions. An obvious choice would be to
use a Strang-type time-splitting procedurc [4] when it can be shown that the equations
allow such a technique to be used without serious error. [ndeed, such a procedure
may even be preferable from programming and time-step considerations. However,
{here arc many problems for which time-splitting produces unacceptable numcrical
results, among which are those involving incompressible or nearly incompressible
flow fields. This teehnique is straightforward and shall not be discussed here. Instead
we consider as an example the fully two-dimensional set of equations

wet ot g, =0 )

where w, f, and g are vector functions of x, y, and ¢ In finite difference flux form we
have

+ # =1
wii = Wi — AVEilF ams — Ficams + Giisum — Goaasml] )]

where now w, f and g are defined on spatial grid points x,, y; at time levels ¢*, and
A¥;; is a two dimensional area element centered on grid point (7, j). Now there are
two sets of transportive fluxes F and ¢, and the FCT algorithm proceeds as before:

(1) Compute Ff, 1y ; and Gf;,q, by a low order monotonic scheme
(2) Compute F{ 1,3, ; and GfT;, 15, by a high order scheme
(3) Define the antidiffusive fluxes:

o pH L
A‘i+(1.’2).f = Fi+(1fz) 3 — Fiuma

o c
Aisewrm = Gigrtim — Ciliprm
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(4) Compute the low order time advanced solution:

L L
W:f: = W?J —4 VZ}[F,{;(”z),,- - FiL-(m) a1 Gigetrin — Gi.ﬁ-(l.’z)]
(5) Limit the antidiffusive fluxes

0 < Crymas <1

0< C:'.H(ua) <1

A:'C+(1f2).f = Ai+(l!2}.jci+(1.f2).:i
AE§+(112) = At.4+(1/2)Ca:.:'+(uz)

(6) Apply the limited antidiffusive fluxes:

n+1

— c [# _ C
witt = wif — AViMAG am g — Ad s T Aisam Az sl

As can be easily seen, implementation of FCT in multidimensions is sfraightfomiard
with the exception of Step 5, an algorithm for which is the subject of th1§ paper. F{rst,
Lowever, let us see how flux limiting is presently implemented in one spatial dimensicn,

III. FLux LIMITING IN ONE SPATIAL DIMENSION—THE ORIGINAL ALGORITHM

The original algorithm for flux-limiting in one dimension was given by Boris and
Book [1]. In our notation it is:

Af+(1,'z = Si2) max{0, minf] dira b
td T
SH(u-a)(Wﬁz - W:iﬂ Axip s Si+(1fz)(wi — wity) dxil} &)
where

if Auqm 20
if Aigm <0

+1
Sivam = —1

The intent of this formula is that antidiffusive fluxes should neither f:reatc new e?(trem:i,
nor accentuate already existing extrema, in the transported an.d diffused solution Wi
That the above formula does, in fact, perform precisely this task can be verl.ﬁed
by the reader with relative ease. We shall examine h-erc‘ some pf the lf:ss ofl?v;fus
properties of this formula. In the process we shall gain msng}‘nt into whufh o t ;sre
properties we shall wish to carry over into a.multldlmensmnal flux 11T;tcr. Mc
first observe that certain quantities do nof appear in the ab.ove formula: (1? Wity — Wi :
the first difference of w*¢ at the point where the anFidiﬁ'uswe flux A-,-m,.z) is evaluatic;,
and (2) antidiffusive fluxes other than Areqm - This last property 18 the most notable
since there are conceivably two fluxes directed into or out of a cell, A formula guaratrll-
tecing that the two fluxes acting in concert shall no-t crea}te ripples wo.uld apparently
require a knowledge of both. We shall return to t_hls point rn‘omentarl'ly. o odd
In Fig. 1 we show the eight possible conﬁgu'ratlons of w in thc.nelghb;)rhoo -
a positive A, q (directed to the right in our dlagrarn's). Conﬁfjuratlo?: 1-4s oW "
“pormal”’ situation, with A;.q/z having the same SIgN as Wiy — Wy (as might
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expected of an “antidiffusive flux"). We note that if either iy — wii; or wi® — wi?,
has a sign opposed to that of A,,q,y, as in configurations 2-4, the antidiffusive
flux Asctre is completely canceled (that is, Af+(1,:z, = 0). This, however, is in total
agreement with the stated intent of Eq. (5) since otherwise configuration 2 would
gllow accentuation of an existing maximum, configuration 3 accentuation of an
existing minimum, and configuration 4 accentuation of both. In the remaining

—= DENOTES DIRECTION OF A ¢ 1

T T T T T T T T T T T T T L
D LM @ cancet  |® cancer |@ cancel
........ .
— —_ R
w‘d --:--f_.-l .l 1 s r '] 1 1 L] 1 1 1 1
E) umT  |@® canceL  [@ canceL CANCEL
e em- - . ¢ -
iy . . S .
L S R e 1 4% PRI S it 1 :
P18 M2 1 T 162 R e T2 L1 e

X

Fic. 1. The eight possible configurations of the transported and diffused solution w™ in the
neighborhood of a positive (rightward-directed) antidiffusive flux 4;,q/,. Note that eonfigurations
1 through 4 differ from configurations 5 through 8 only in the sign of the quantity (w;5, — wi¥).

configuration 1, the flux limiter (5) will reduce the magnitude of A, sufficiently
to guarantee that neither 2 maximum at grid point i + | nor a minimum at grid point
i will be formed, again in precise agreement with its stated intent.

Configurations 5-8 are identical to configurations 1-4, respectively, except that
sign of wid; — w'® has been reversed (The “antidiffusive fluxes” are now directed
down the gradient in w'#). Since the sign of wif, — wi* does not enter into the flux
correction formula (5), the results of the formula are identical to those for the previous
four cases: the antidiffusive fluxes are canceled for configurations 6-8 and limited
in configuration 5 to the extent necessary to prevent a new maximum at grid point
i+ 1 and a new minimum at grid point i. Examination of configurations 6-8 reveals
that A, ¢ 2y actually presented no hazard insofar as extrema creation or enhancement
(at least in moderation). Certainly there was no cause for completely canceling the
flux. Even in configuration 5 the flux may have been limited to a greater extent than
necessary. At first it would seem that configurations 5-8 represent errors introduced
by the simplicity of the flux limiting formula (5). However, extensive tests by this
author indicate that in the relatively rare instances in which configurations 5-8
occur in practice, the “errors’ introduced by Eq. (5) represent, in fact, the correct
action to take in terms of producing accurate profiles in w* . More importantly,
they represent the mechanism by which Eq. (5) can guarantee that ripples are not
formed under any circumstances, as we shall see presently.

Consider two antidiffusive fluxes, acting in concert, attempting to produce or
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accentuate an extremum. We therefore have Ay, g and A; (9 either both directeg
toward, or both directed away from grid point /. We see from Fig. 1 that, in genery|
an antidiffusive flux direeted opposite to the gradient in w'® will be completely canccledj
Therefore the only cases of fluxes acting in concert that we need be concerned with
are those where two adjacent fluxes are both parallel to the local gradients in w4
These are precisely the cases of already existing extrema, in which case both fluxeg
will be canccled (as in configurations 2-4). This is the reason that Eq. (5) needs ng
information on any antidiffusive flux other than 4, -

In Fig. 2 we see that the above-mentioned assumptions regarding antidiffusive
fluxes acting in concert break down completely in multidimensions. 1t is possible in
more than one dimension for more than one antidiffusive flux to be directed into or

Aitg, |
Ay Ai,j‘%

w\AH‘/z,j

A ]/2/ j+1

i1

wld

/

i1 i i+1
_—

X

Fic. 2. Perspective view of a two dimensional profile of the transported and diffused solution
wid, showing the four possible antidiffusive fluxes affecting the grid point (7, /), the directions of which

are indicated by arrows. Note that all of the fluxes are parallel to the local gradient in w* (as “anti-

diffusive™ fiuxes might be expected to be), and that wi', is not an extremum. This situation is im-

possible in one dimension, and it is precisely this impossibility which allows fluxes to be limited
without regard to neighboring fluxes (sce text). In two or more spatial dimensions a Hux-limiting
formula must take into account effects due to multiple fluxes acting in concert.

out of a cell, all of these fluxes being directed parallel to the local gradient in w*,
without that cell being an already existing extremum. Therefore the problem of dealing
with multiple antidiffusive fluxes acting in concert cannot be avoided by simply
canceling all fluxes antiparalle! to the local gradient in wte. It is clear then that any
formula which purports to perform flux limiting in more than one dimension without
resort to time splitting must contain information about antidiffusive fluxes other tha
the one being limited,

1V. FLUX LIMITING IN ONE SPATIAL DIMENSION—AN ALTERNATIVE ALGORITHM

We describe here in one spatial dimension an alternative flux limiting algorithn
which generalizes easily to multidimensions and which, even in one dimension, exhibils
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g superiority to the limiter described in the previous section (Eq. (5)) with regard
to peaked profiles.
Referring to Fig. 3, we seek to limit the antidiffusive flux A, such that

P
Aiiam = C¢+(1!2)Ae'+(1fz) 3 0 < Ciiam < 1 (6)

and such that Af, , » acting in concert with Af ; 5, will not allow

ntl o td —11 4€ c

with = w® — AxT A vam — Alam]

to exceed some maximum value wi"* nor fall below some minimum value wo®
We leave the determination of wi*™* and w'® until later.

We define three quantities:

P;+ = the sum of all antidiffusive fluxes into grid point §

= max(0, A;_(1,5) — min(0, A;\q0) )
Ot = (wi"" = W) dx; (8)
R+ — n‘lin(l, Q,;-*_,“P,j-‘—) if P,‘+ >0
= o if P 0 ®
e
hY
A
hY
hY
wid .
TR
-1 : iJIr1

Fic. 3. One dimensional view of the transported and diffused profile wt, showing the two anti-

diffusive Auxes 4,,.qye and A;_¢rm whose collective cffect must be taken into account with respect
to overshoots and undershoots in the final value of wit'.

Assuming that wP®* = w!® (it must be), all three of the above quantities are positive

anq R,* represents the least upper bound on the fraction which must multiply all

antidiffusive fluxes into grid point i to guarantee no overshoot at grid peint i.
Similarly we define three corresponding quantities:

P~ == the sum of all antidiffusive fluxes away from grid point i
= max(0, A¢ ) — min(0, A,_qm)

(10)
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0 = (wff — wP'™ A, o
R — {min(l, @ jP7)  if P >0 i
“=1p if P =0 (13

Again assuming that wP™® < wi?, we find that R, represents the least upper boﬁl;d
on the fraction which must multiply all antidiffusive fluxes away from grid pojy
to guarantee no undershoot at grid point £

Finally we observe that all antidiffusive fluxes are directed away from one gﬁd
point and into an adjacent one. Limiting will therefore take place with respect ¢
undershoots for the former and with respect to overshoots for the latter. A Buarane
that neither event comes to pass demands our taking a minimum: .

min(Rf,, , R,) il Aiam 20
min(R;*, R7,,) if Aigm <0 (3

Furthermore, we shall call upon our previously described experience with th
original flux limiter and set

Cirirmy =

Ay =0 if ApqmWie, — wi) <0
and either Avcamwiis — wit) <0
or AW — wit) < 0 {14)

In practice the effect of Eq. (14) is minimal and is primarily cosmetic in nature. Thisis
because cases of antidiffusive fluxes directed down gradients in w'e are rare, and eveg
when they occur usually involve flux magnitudes that are small compared to adjacent
fluxes. If Eq. {14) is used, it should be applied before Eq. (6) through (13).

We come now to a determination of the quantities w™* and w{™™ in Egs. (§

and {11). A safe choice is

AKX id id id
wi == max{(wil, , w, iy (19

min

!
Wy ¢

= ]Tliﬂ(w,-__1 ] wi::d’ wﬁj—l (16)

This choice will produce results identical with those of Eq. {5) in one dimension,

including the occurrence of the “clipping” phenomenon to be mentioned shortly.
A better choice is:

w;” = max{w,", wi%) an
Wit — max(wi,, w;", wi )

w,” == min(w,”, wi") &
w;nin = min(wi-L1 s W.:ba w?+1)

This choice allows us to look back to the previous time step for upper and lowt
bounds on wi+,
It is clear that these two methods of determining w™® and w!™™ represent oglf

a small subset of possible methods. The alternative flux limiter described in Egs. @
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through (14) admits of any physically motivated upper and lower bound on witt
;upplied by the user, introducing a flexibility unavailable with the original flux limiter
. However, with the exception of one example in the next section (which shows
phically the potential power of this flexibility), we shall henceforth use Eq. (17
and {18) to evaluate wma% and w™® in one dimension.

V. COMPUTATIONAL EXAMPLES- -ONE DIMENSION

we consider one dimensional passive convection in a constant velocity field. We
pave EqQ. (1} with w = p and f = pv with v = constant. We choose our transport
glgorithm to be that given in [3] for LPE Shasta. On the standard square wave tests
we find that our results for the original flux limiter (5) and for the alternative flux
pmiter (6) through (14) are identical to within round-off (the same is true for traveling
shock waves in the coupled one dimensional equations of ideal inviscid fluid flow).
To find differences between the limiters in one dimension we must look to passive
convection of peaked profiles. We choose the probiem given by Forester [5], a gaussian
of half-width 2 Ax. In Fig. 4 we show the results after 600 iterations for the trivial

QLD LIMITER NEW LIMITER

LPE SHASTA
800 CYCLES
=0 (¥=0)
~— ANALYTIC
* COMPUTED

Fig. 4.. .Comparison of old and new fux limiters on narrow gaussian profile in passive convection
for.tho? trivial case of a vanishing velocity field. The transport algorithm is LPE SHASTA. Note the
dipping’* phenomenon associated with the old limiter.

cse v == 0. On the left we see the fimilar “clipping” phenomenon with the original
fux limiter, caused by a zeroth order diffusion term in the low order portion of the
LPE Shasta algorithm. This diffusion term causes the peak in w'¢ to be smaller than
lhf: Peak in w,*, leaving the original flux limiter (5) with no way of resurrecting thc
onginal peak. This process occurs repeatedly, eventually leaving the characteristic
three point top. The alternative flux limiter, shown on the right, “remembers” the
dld value of the peak and is able to resurrect it each time step.
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In Fig. 5 we show the same problem after 600 iterations but this time for
e = v Atfdx = 0.1. We see that clipping occurs with both flux limiters, but to 4
lesser extent with the alternative flux limiter (6} through (14). .

At this point we removed the flux limiter entirely and again ran the problem 60y
iterations with e = 0.1, The results convinced us that the amplitude and phage
properties of the high order portion of LPE Shasta were incapable of resolving the
high wave numbers of which the gaussian is composed. Consequently it was decided

15[‘

LPE SHASTA
600 CYCLES

«=0,1

— ANALYTIC

x OLD LIMITER
o NEW LIMITER

wr

Fig, 5. Same comparison as in Fig, 4 except that the velocity field is now (inite. The profile
has been convected through 60 grid points. Note the reduced elipping with the new flux limiter.
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"15

2-8 LEAPFROG - TRAPEZOIDAL

600 CYCLES
€ =01
1o — ANALYTIC
X OLD LIMITER
, ] O NEW LIMITER
-5

)

Fic. 6. Same comparisoﬁ as in Fi i
. ¢ g- 5, but with a more accurate transport algorit
irapezoidal). Again note the redyced clipping with the new Aux Iimiter ¥ sorthn (2§ laprog:

less disappointing. The clipping would appear to be due entirely to the flux limite

not to the phase or amplitude properties of the high order scheme, s
A careful examination of exactly what happens to 1 one point peak in a finit
erence code reveals the real source of the above problem. Consider a prc?ﬁll:

to switch to a higher order algorithm, a leapfrog-trapezoidal transport algorithm which
uses eighth order spatial differences. The algorithm is, then, second order accurate
in time and eighth order in space, with an amplification factor that is cllectively unity
across the entire Fourier spectrum, and phase properties considerably better than
those of fourth order algorithms. The leapfrog portion of this algorithm is identical
to the eighth order Kreiss—Oliger scheme [6]. A fourth order version of this same
algorithm was used later in the two-dimensional solid body rotation tests. We ran
the gaussian test problem again 600 iterations with € = 0.1 with 7o flux limiter and
were convinced that the algorithm did indeed have the resolving power necessary
to do the problem. A low order scheme, donor cell plus a zeroth order diffusion
term with coefficient £, was added to complete the FCT algorithm, which we dub
2-8 leapfrog-trapezoidal. A more detailed description of this algorithm is found
in the appendix.

Figure 6 shows the results of 2-8 leapfrog trapezoidal run 600 iterations with

- each succeeding time

1
o L+t lot24t to+3AL 1o+ 4AL
P /\ /\
T Ty ) .t T . B B
LU TS S I T R R D B RS I S |
—_—

x
. Flc;] A ']Fime sequence of profiles produced by a
a:a:l:hoi ,:1 :1:3 ct = 0.2, The actr_lal analytic profile is show as a solid line, and the grid point valyes
s dots. Note that at time 1, + 447 a grid point value at (7 4- 1) has been generated which

is higher than any grid point value at th i i
her ; e previous time step. This is the re
fux fimiter, using Eq. (17) and {18) for wm=x and wmin muge stift “clip,™ © reason fhat cven the new

“perfect” convection scheme acting on the

v . Lo .
ith a local peak at grid point i in passive convection at constant velocity =0. At

step the function value at grid point i wi
‘ -din : point § will decrease and that
i+ 1 will increase (Fig. 7). Eventually they will both reach some intermediate

€ = 0.1 with both the original and alternative flux limiters. The results are betierf
than those in Fig. 5, and again the alternative flux limiter proves superior, but nonthe ,

:ifg:)‘;nd tl}?r actual o.rigini_ll peak value will not appear anywhere on the grid
s position now lies midway between two grid points. At this point even the:
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new flux limiter (6) through (I4), (17) and (18), has lost the information it neegg
to allow the peak to be resurrected in suceeding time steps, and will “cIi_p’.’ the ney
peak at grid point i + I as it tries to form, based on the assumption that it is, in fact,
an overshoot. The effect is magnified, since the clipping itself introduces phase errgy
in succeeding iterations, the net result being the profiles depicted in Fig. 6.

It is clear, then, that if we are to suecessfully treat a one-point extremum withiy
the context of FCT we must use information other than just the grid point valye
themselves. In what follows we shall utilize the flexibility of the alternative fiyy
limiter to use as wP® and w™® any values that we choose. In Fig. 8 we show
possible way of extracting information about extrema which do not lie c.xactly on g
grid point at the time. Basically we define wffﬁ'jz, to be the w value at the intersectiog
of the line segments formed by connecting the point (x,_; , wi%;) with (x;, wi) and
the point (xiy;, wi%) with (Xiye, wits). If the x coordinate of this intersection lies
between x; and x;,, , then we consider this w?ff‘l“,,.a, to be an allowable wmaX or yuh
for either w?*! or wi,{'. We now have

td
w = max(w;", ;) )
peak peak
wit™ — max(wh_, , W%, Wi, Wiste s Wi-iiz)
. 0
Wib = mm(w;", w;d)
: b b eak peak
w:“m = mm(w?_l s Wiy Wil Wapq.(uz) ’ Wf—(xfz)) 20)
\\ /4 Peak
\®:/-W i+ %(IF INTERSECTION
) LIES BETWEEN x; AND
Ay
’ N\, Rl
4 AN
Vi
/ Y
/‘ Y
wlid ‘ h
i ’ \\
/£ N
AY
/ "
4 N
/ \
‘I
£
s
1 1 1 - L
1 i i+1 i+2
—_—

X

Fic. 8. A possible scheme for extracting information about extrema whj(_:h exist berween. geil
points at a given point in time. An extremum is assumed to exist between grid pqmts fand i+/
if the intersection of the right and left sided extrapolations of w** has an x wordlnqte between X
and x;;4. The w coordinate of the intersection is then used in the computation of w=* and
(see text).
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Equations (I19) and (20) together with Eqs. (6) through (14) now determine the
alternative flux limiter (for this section only). :

In Fig. 9 we show the results of using Eqs. (19) and (20) to determine wP** and wi'®
on the gaussian test problem run 600 iterations with e = 0.1, Clearly the problem has
peen solved—we recover the gaussian profile with no dispersive ripples and minimal
loss in amplitude, We have not performed this test merely to show the powcr of the
extrapolation technique just described to determinc wi™®* and w™W", Rather this

15"

2-8 LEAPFROG- TRAPEZOIOAL
600 GYCLES

£=0.1

— ANALYTIC

o NEW LIMITER WITH wPoak
COMPUTATION (SEE TEXT}

Fic. 9. Sameas Fig. 6, exceptihal Eq. (19) and (20), which utilize the wP®*¥ computation illustrated
in Fig. 8, are used to compute w™** and w™" in the new flux limiter. Values for the old flux limiter,
since they are identical (o those shown in Fig. 6, are not shown. Note that the clipping has been
virfually eliminated.

calculation serves to show the power of using information other than that available on
the one dimensional grid. \n multidimensional flux limiting, this information comes
from the other coordinate directions, as we shall see.

VI. FLUX LIMITING IN MULTIDIMENSIONS

The alternative flux limiting algorithm prescnted in Section IV gencralizes trivially
to any number of dimensions. For the sakc of completeness we present here the
algorithm for two spatial dimensions.

Referring to Fig. 10, we seek to limit the antidiffusive fluxes 4;, ¢ m.; and A; ;0
such that

A\

C
Ai+(uz).5 == I’+(1.f2).fAi+(1.’2).5 Ci+(1/z).1 =1

&)

0<
AEH(m) = CiivamAnivam 0< Cinum < 1

B1f31{3-4
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wld PROFILE:
i+1 .
ALj+t%
A, Aty
¥ §

Ajj-%
__‘_._ﬂ?-—-J—Aﬁ——-___L_
' 1i~1 i i+1

F i o' showing the four
i i the transported and diffused values w'", §
FG. 10, Two dimensional profile of . howin the fou
antidiffusive fluxcs Az /.15 Ai-imgs A gstum - and A.-.;_(}n.) whose coll::cm; it;l;eﬁ n pmpecﬁv,:
into account with respect to overshoots and undershoots in the final vaiue i

view of a similar profile is shown in Fig. 2.
< ing i rt shall not
and such that A, ay,; » AL am.i s AS ;s am » and Ay acting in conce

cause
C (5 _4<
with = wif — AV A S s — Afams + Adsram Ai_aml
, Tt ! wmin
Wi nor fall below some minimum vaiue w; ;.
L

ome maximum value :
to exceed s completely analogous to those computed in Eq. (7}

Again we compute six quantities
through (12):

P}, = the sum of all antidiffusive fluxes info grid point (D

— max(0, Ai_tr/p.4) — min(0, Aivin.s)

- max(0, Ai.s‘~(1!2)) — min(0, Aigeam) ™
Q'!‘. = (W w:d.) AV, (®)
1,7 1,7 -3 »
min(1, QF,/Pt) i PL; >0 o)
Ry, = fon O R o

P, = the sum of all antidifusive fluxes away from grid point (i, /)
2,3

== max(0, Aspam.s) — min{0, Aicam )

+ max(0, 4 i.f+(1!2)) — min(0, A-:.sf(uz)) (10}
11
Oy = W — wis) AV ()

Res = if

0 P,;=0
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Equation (13) becomes

min(R;+l.i » R75) if dpams =0

C; p= 1 N .
). min(R{; , Rivy.s) if Adigms <0
(13
Cosntirn = min(-Rr-?:.:Hl » Ris) ?f Aigram =0
-+ min{R;;, Ri 1) if Ay seam <0
while Eq. (14) becomes
. td
Airm, =0 i A Wity — wi%) < 0
and either Ai+(1/2).1‘(W:"-i|-2.5 - Wﬂl.j) <0
or Ai+(1f2).j(w:‘.ij - w:'EI.J) <0 (14')
Avjrtm =0 if Ai.ﬂ-(]/a)(wf".ii-n - w:‘fj) < 0
and either A gt Wig — wiky) <0
or A ot m(wis — W:‘.i:'—l) <0
and Eq. (17) and (18) become
@ ” td
wy, = max{wl;, w5 ,
5 ( El i (17 )
w:;?jax == max(wf‘r:l.i » Wﬂj » wa'"-}—l.j' s w-?::i—l y wi’fjﬁ—l)
? . 1
wi; = min(wi;, wi; (18%)

anm = lnin(”’3~1,:‘ : W?,; , W?+1.f , w?.:'—l » W?,;‘H)

Again, the effect of Eq. (14°) is minimal, but if it is used it should be applied before
Eq. (6") through (13"). Note that our search for w* and w?,‘j.“ now extends over
both coordinate directions. Where finite gradients exist in both directions, this pro-
cedure will allow us to stop the clipping phenomenon in regions where a peak exists
with respect to one coordinate direction but not in the other, as we shall see in the
next section.

Let us comment here on the enforcement of monotonicity in more than one dimen-
sion. Equation (67) through (147, (17’ and (18", and equations of a similar form in
three dimensions, will in fact keep the solution within the bounds defined by wmax
and wmin, This is almost always sufficient to remove the errors due to numerical
dispersion (“‘ripples”’). However in more than one dimension this condition is not
strictly speaking identical to that of monotonicity enforcement. That is, a solution
which was monotonic with respect to one of the coordinate direetions, both at the
beginning of the time step and in the “transported and diffused™ solution wt?, might
fail to be monotonic with respect to that same coordinate direction at the end of the
lime step, even though overshoots and undershoots as defined by wmax and wmin
were absent. This most often occurs in problems where the quantity of interest
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is being transported in a direction pecpendicular to a large gradient in that sap, INITIAL CONDITI ONS

quantity,

For this reason it is sometimes necessary to impose -stronger restn;l:tml.ls c;n lh.e
antidiffusive fluxes. There are several ways to accomplish this, but the simpleg j;

the following:

(1) For each coordinate direction, limit the antidiffusive fluxes in that diregjy,
using Eq. (6} through (14) and either (15) and (16} or (l.'f) zm.d (18). No.tedtha.t we are
n;)t %ime splitting, since each of the coordinate directions is treated in ependenty
and therefore the flux limiting operators commute. It (15} and (16) are chosen, One

v se E for this step.
can equivalently use Eq. (5) ‘ y

(2) Treat the residual corrected fluxes A€ l‘rom.the a.bove s..te;? as 1f'they Were
the uncorrected fluxes A, and apply the lully multidimensional limiter (6) througy
(18" or its three dimensional equivalent.

From our limited experience il appears that the above proccdlur-;:. is r'cguzl'eld 1(:)?31;
[ f tidimensional
¥ F 8 attempting to implement mu

rarcly. Howevcr, for someone a . ! t idin
for tl}{e lirst time this procedure might be advisable since it is l;zle:'kCly{'tzcizven;
'enc i ive ripples under all circumstances. The two di ond
the occurrence of dispersive ripp ' ’ fmension
calculations prescoted in this paper use only Eq. (6') through (14'), (17} and (i§)

Fio. 12, Perspective view of initial conditions for the lwo dimensional so)id body rolation
groblem. Note that only a 50 x 50 portion of the mesh centered on the cylinder is displayed. Grid
points inside the cylinder have w,; = 3.0. All others have w,, = 1,0.

Vil COMPUTATIONAL EXAMPLES—TWO DIMENSIONS

We choose as our two dimensional test problem that of soli(; bod;/ rotatug(. Thzz:z)s

o6 ol . = P

, . ih f=wv,., g — wv,, v, — —52 ¥~ y,), and v, s Ty . . . o | N

Here .Eq- o W“lz'f t) ':]”Ju‘ai velocir{y in radians/sec and (x,, ) is the axis o [ roration. The conliguration is shown in Fig. 11. The computational ord s 100 % 160
Here £2 is the (constant) ang wlls, dx — Ay, with counterclockwise rotation taking place about grid point (50, 50).

Centered at grid point (50, 75) is a cylinder of radiys 15 grid poinis, through which
T ’ 15 GELLS aslot has been cut of width 5 grid points. The timne step and rotational speed are

hosen such that 628 time steps will effect one complete revolution of the cylinder
sbout the central point. A perspective view of the initial conditions js shown in Fig. 12,
Our high order scheme for the lfollowing tests is a fully two dimensional, fourth
ader in space, second order in time leaplrog-trapezoidal scheme, the leapfrog step
CELLS il which is a two dimensjonal fourth order Kreiss—Oliger scheme [6]. The low order
\ sheme is simply two dimensional donor cell plus a two dimensional zeroth order

25

SELLS lifusion term with diffusion coeflicicnt }. A more detailed description ol this algo-
> ithm is found in the appendix.

We wish to emphasize that the only difference between calcutations in the lollowing
=

tmparisons is in the flux limiting stape itsclf. The high order fluxes, low order fluxes,

LM100 CELLS“"! and hence the (unlimited) antidiffusive fluxes are all computed in the full two dimen-

Fic. 11, Schematic representation of two dimensional solid body n')tatiog ilzrg:(l;ﬂ:-h;?iﬁgﬁ >f_(lns \?'ithout usil_lg‘ll'me—‘splitting. In e’ach casc we are C(Tmparing ’thc ‘l‘ully t.wo

inside the cut-out cylinder is 3.0, whilc outside w - I.'O. Thc' rlet;:'Otnhi f:zeha,m of th cyfinte lliln.wnsmfnal .ﬂux limiter given by Eg.‘(6 ). through (14°), (17") and (18%) with 2 time

revolution is effected in ﬁzst::tclsﬁ.[}TI"Chil;vr:_g;’?i;:iiﬂ;?n;c:’;:‘:woghalvesl is 5 cells. @it application of Eq. (5). Time splitting is the only way that Eq. (5) may be utilized
as well as the maximum ex

100
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in a multidimensional problem. Note that in the latter case we are not time splitting
the entire transport operator, but only the flux timiter (5). In this way we are testing

only the limiters themselves.
In Fig. 13 we show 2 perspective view of the two caleulations after } revolution

(157 iterations). Figure 14 presents a comparison of the results of the two calculationg
for one full revolution (628 cycles). Two features are obvious. The first is a mueh
greater filling-in of the slot with the time split Eq. (5) than with the fully two dimen-
sional flux limiter. The second is the loss of the bridge connecting the two halves of
the cylinder in the case of the time-split application of Bq. (5). Less obvious is the
lack of clipping of the peaked profiles defining the front surface of the cylinder for the
case of the fully multidimensional {imiter. Clearly this is due to the fact that the multi.
dimensional flux limiter can look in poth directions to determine whether or not a
genuine maximum cXists. Note that there are [wo factors working in favor of the
fully multidimensional flux limiter: (1} the ability to look in both directions to find
minima and maxima, as just mentioned; and (2) the ability to scan both w}’; and wi
to find maxima and minima. Both of these factors are responsible for the improved

profiles.

V1ll. Tug STRIATIONS Cope—A Two-DIMENSIONAL INCOMPRESSIBLE Frum Cobt
UsmNg FULLY MULTIDIMENSIONAL FCT

A two dimensional (x, y) plasma cloud initialized in a region of constant magnetic
field B, directed along the £ axis, with an externally imposed electric field E, directed
along the & axis will tend to drift in the By X By direction {(along the negative 3 axi)
(see Fig. 15)- If the ion-neutral collision frequency is finite, Pedcrsen conductivity
effects will producc polarization fields which tend to shield the inner {more dense)
regions of the cloud from E,, causing this inner portion of the cloud to drift more
slowly than the outer portions of the cloud. This results in a steepening of gradients
on the back side of the cloud. Arguments similar to those above, applied to infinitesk
mal perturbations imposed upon this back side gradient, show that the baek side of
the cloud is physically unstable to perturbations along & Fora detailed description
of this problem, se¢ in
The equations of motion for the electron fluid are:

(BN Jor) + Vo - (NeVo) = 0 @
VJ’_'(N‘,VJ}P):EQ'V_LNB (21]
V, = —(c/Bo) V¥ % £ @

Here N,, V., and ¥ are the clectron density, electron velocity and perturbati
electric field potential respectively, and ¥, is the fwo dimensional divergence opere
afox) + $(8/2y). The magnitudes of By and E, are 0.5 gauss and 5 millivolts
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5
meter respectively. Our rest i i
et . rame here is that
" ‘ « \ : of the {¢/B 7 i
terlla\gtm::c;?; :;ie‘ntltxes will convince the reader that V(J_/- \07) Ei g ;VZIQCIW- o
in i i ns ,
O atrous her:or:f(;esmbly. Clearly_tlme-splitting the trsanspo’rt opZ:Ztgothat e
B O tatiomal difﬁ:: oo a fullyf two Fhmcnsional scheme is required. In fr o
o eations of one gi lif:nt:?gs;e;cég ml tryfng to solve this problem u.‘;ing tifrf:s;t)tllii
D ovciopm 'C algorithms were the primar ivati
pment of the multidimensional flux limitcrp The );ymmostvatmg ::01'03
. oms of the

PLASMA DENSITY
ENHANCEMENT

by t>0

Fig. 15. Schematic re; i [e] cloud ma de -
. presentation of the devel as
. ) i elopment of a plasina p. a densily increas
mng toward the cenlter) in crossed electric and magnetic Ffields. Superir:)pos'e(d l0‘1'1 the b ]‘k :
& c Du. ED x Bﬂ

motion is a steepeninv of the rearward side of the cloud. This

b f t i i

I ; i . 1 loud. This same side is physical[y unstable t
o]

numerical difficulty were the i
generation of nonphysi iti
pumerieal * gel : physical electron d i
e ed.false‘ eompress;blhty of the incompressible fluid wheflnsmes" i
e spluth 1g l‘rcctlons {consideration of only the x or y co o e cloctren
- y fie d yields a non-vanishing divergence) 7 components of the electron
quation (22) is solved for ¥ usi ipti
doiagion (2 using an elliptic solver, and Eq. (2 i
ocity field. We then utilize exactly the same mc:JIt(id?;zntehr::sl'1 Y'C:dsl:gl X
jona T

p algo thm u
m
t[a]ls( (])It Il ll Sﬂd the pIeVlOUS SeCtlon fDI SOlld bOd}‘ IDtaUOIl to ltlteglate

OUI‘ CDIIlp on l sh CO S 0[ 40 [ld Ints n hﬁ X dl ection l60 d 8
lltatl al me h nsist g p0 nis t 1€cC grl p0 t
) 1n

in the § direction iodi
Ay — ’ fmodlc boundary conditions i ireeti
y = 0.31 km. Our “cloud” consists of a 1-D gaussia::- both directions, and Ax=

Nix, ) = Ny(l + 10e~¥-vo!*/02y

0 hc amblcnt background electl'on anSit alld ] iS thf: Spatial ter f
center o

the gaussian distribution. Superimposed upon ution IS a random x-dep
¢ .
1stri . Supe S this distributi isar epe
buti d d b d -depen-

ent . X .
Fi g;:lc::;rlbéa_nz%n with a maximum amplitude of 3 percent
show isodensity contours of N, /N, for the above configurati
uration at
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T= g5EC
37.2
= %
e
-
0.0 B
0.0 2.7
X (KM)
Fig. 16. 1sodensity contours of plasma density at r = 0 sec. The initial destribution for N,/%
is a gaussian in ¥, centered at y = i2.1 km, plus a small random perturbation in x. Contours ae

1.5, 3.5, 55735 and 9.5. The arca between every other contour line is cros-
in the y direction arc displayed. Boundary conditions
is toward the reader, and E, is directed toward i
ith the (¢/| B X B, velocity. The up
while the lower half Is (linearky

drawn for NN, =
hatched, Only 120 of the 160 cells actually used
are periodic in both directions, 1n our plot B,

right, and we have placed outselves 1n a frame moving W
portion of the gaussian is physically unstable 10 perturbations,

stable.

various times in the integration. It is seen that, as expected, the back of the clon
(the upper half in the plots) is unstable, growing linearly in the very early stages ol
development. Non-linear effects soon enter the physics, however, as each striatio
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T= 108 §EC
7.2

(KMT

Y

0.0

0.0 2.7
XK M)

Fic. 17. Same as Fi
as Fig. 16, but for r = 108 sec. Note slow linear growth on unstable side

suecessivi i ‘

ik Cigsrlltf;rgfatt(ﬁ;; ;‘aroducmg.small_er and smaller scale structures, in agrcement
to model. Two points \:Ii)r.lc]»sphcnc barium cloud releases which we are attempting
sradients dictated by th hic }: b_ear on the nlumerics should be noted: (1) the intense
problem any of the):‘.-i c F ?:sws are not dl.l’fused away, nor do there appear in the
appear when steep gra cEp ets associated with numerical dispersion which normally
resort to time-splittjﬁg, nt:llleS otfr )t’hzoui?lrrlnt;‘ (2) precisely becausc we did not have to
density oscillations and spurious densits V;;I:JZSS,piIrE:l:\%cfel:lctnomena, such as temporal
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T= 204 SEC
37.2 —
=
=
—
0.0
D.0 2.7
X (KM)

Fi. 18. Same as Fig. 16, but for ¢ = 204 sec. Growth is now much more rapid, and we are
entering a highly nonlinear regime.

CONCLUSIONS

We have shown that the algorithm presented in Eq. (") through (14, (17 and
(18") does, in faet, represent a workable multidimensional fiux limiter. In addition,
due to the flexibility in determining overshoot and undershoot eriteria inherent it
the method, the algorithm produces results which are eonsistently cqual or superio:
to those produced using 2 time-split version of the original flux limiter (5), at lead
for the admittedly limited elass of problems presented here.

FULLY MULTIDIMENSIONAL FCT

T= 304 SBEC
37.2
=
e
. A
> ) Al
:!::::: ace
b R A T s
FHHE U e
0.0 H =H
0.0 2.7

X (KM

FiG. 19. Same as Fig. 16, but for + = 304 sec. DEFCIOP ’
E. T ment s [U“} nonlinear, as the intense
]
Elﬂdlﬂllts and associated hlgh Fourier wave numbers become appalent

Fo - .
PrOblzmTL:tlidlmeESszngl Problems where time splitting is unacceptable, or for
ere the “clipping” phenomenon associated with the original ﬂu'x limiter

{5) is a seri i

o B ;1;1:;5 lg)rgble:n, the new algorithm presented here represents the only wa

only o oo gn i{ 1r:1p emgnte.d. Ff)r these problems the choice is clear, for there iz
ption. Yet even in situations where the constraints mentioned above do not

 apply, b i i i
ply, benefit may be gained by implementing the new algorithm rather than time

splitting Eq. (5). We do n
. (5). ot yet have enough experien i ideli
can only ask the prospective user to try the meth?)d. © (0 give any goidelines, mnd
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T- 407 GEC
37.°2 —
=
>
>

[
0.0 2 o £ £
2.7

1 (KM)

Fic. 20, Same as Fig. 16, but for r = 407 sec. Several plasma bifureati
agreement with {he experimentai resulls from ionospheric barium cloud releases,
um to minimum density variations resolved over only 2 cells.

ons are apparent, it
and we have maxim

e basic seheme are endless. One coul,
pect to maxima. or to minimg
d minima, rather than 1imiting
ed here (this last pre

Certainly the possibilities for modifying th
for instance, limit the antidifTusive fluxes only with res

or he could limit the fluxes sequentialfy for maxima an
ly in the manner present

maxima and minima simultaneous
cedure will introduce an asymmetry between
which may or may not be desirable). Even within time-s

plit codes there are poss:
bilities. One could time split the one dimensional form of the new algorithm

rather

the treatment of maxima and minimiE

FULLY MULTIDIMENSIONAL FCT 361
ihan time splitting Eq. (5); or full idi i i
: y multidimensi iti
at the crgd of each sweep of a time-split scheme, onal flx fimiting covld be performed
RL’ '

segir‘lo ) V]]]_J ?ec"ll:’ein:ca; ;gsZLzmegts AdS(1325computer, the calculations presented in

qu ‘ onds an seconds of CPU time for the ti i
anco{ ft;lly tllTlluludlrr.le.nsmnz%] cases respectively, a cost penalty of slightlyernt::tae-tslll)m
3: éo[;:rcalzufl?ltldlmg?smnal limiter. The Fortran coding was entirely vectorizzg
i ations. course this extra eost is hi
. i ‘ ghly problem de
msta(l;(;e the i.(t.n.atlons code described in Section VI spends 809 of itsp :irrlfl;r;t).l FOT
Eq. (22), making the net cost penalty of fully multidimensional Eu limiti Iy o
et x limiting only a

E .
APPENDIX: BRIEF DESCRIPTION OF LEAPFROG-TRAPEZOIDAL TRANSPORT ALGORITHMS

We seek finite difference approximations to the equation

Wt fe=10 (Al)

[\)}i?n;izs;m;ant(l;a:tatti the ]begilnning Zf a time step, values of w; and £; are known at grid
x; and at time levels 7 — fand f. The | - id ite di
B timation 1o By, (AL in flux form is eapfrog-trapezoidal finite difference

R ;

Wi = w; 241 dx; 1[F,‘+(”2, — Flaml (A2)
JE=3A+ (A3)
ot —

L =w, — dt dx; l(F?-;(Uz) - th(ufz)) (A4

Here F! == F(f") and F* = F(f*). N

. FL == F(f*). Note that here our fluxes F; differ 1

dc"s[cﬁ:abfd in th_e text by factors of 24s and 4r in Eq. (A2) am;i1 &%31) res;ccr:i)zlthpse
e ij;zc:lldal] step Eq. (A3)qand (Ad) strongly damps the eomputational rsrll'ode
;eoond o i he eapf.rog. step Eq. (A2). Time centering in both steps guarantees
meond Calcu]zct:ic;xnr:cy in tlm(ei. Thg trapezoidal step was implemented at each iteration

presented in Section V i i
pm?ezted culatons prusentec n on VII, and at every fourth iteration for those
Il Ax, is independent of i, the [ i i i
o patil necuron: , the following difference forms give the indicated order

Second order:
Fi+(1/2) = lz(fa+1 “*“fr:)

Fourth order:

Fiam = 5(fon +1) — 5 (foe + 120
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Sixth order:
Fiiom = %%(fi-l-l "Ffw) - 'iz_ﬁ(f;:+2 +fi—1) + al‘n(fﬂa + fi-z)

Eighth order:
1 .
Fron = 3353(fens H 1) — $56(fee 4 fig) + 22a(fus F S0 — who(fera /i)
e i 3

1]

The above fourth and eighth order forms are used as the high order fluxes in the main

i r. . .
bo’?}l(leolfoglir‘t}iilieﬂux of the leapfrog-trapezoidal FCT schemes is simply donor celf

lus a zeroth order diffusive fux with coefficient ¥. The donor cell algorithm requires,
fhat { = vw, where v is a eonvective velocity. Specifically,

o)Wl — w4
F-{}(] = Ua‘+(u2)'r‘r’?+c(u2) — Hxin x)(Win )

where
Digliray = s + Ur‘+1)

e wd il vgam =0
Wivld) = Q0 i vipam <
wi™!  for leapfrog step
we = iw’_n for trapezoidal step

A detailed description and analysis of these and other hit:gh order FCT algorithms
will be discussed in a forthcoming report by the present author.
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The Box scheme has been used along with the Reyhner and Flugge-Lotz approximation
and a nonlinear eigenvalue approach to inverse boundary-layer flows to compute flows
with separation and reattachment, The approximate reverse flow region is corrected by a
downstream-upstream iteration procedure similar to that introduced by Klemp and Acrivos,
but implemented quite differently, and it converges extremely fast. A careful look at the
convergence properties and the occurence of very small oscillations suggests several smooth-
ing procedures which can be used for very severe cases of reverse flow,

I. INTRODUCTION

It had long been believed that boundary-layer theory was inadequate to describe
flows with separation and regions of reverse flow. Indeed it was shown by Goldstein [9]
that the solution of the “standard’ boundary-layer problem (i.e., pressure gradient
given) may have a singularity at the point of separation. However Catherall and
Mangler [5] were able to compute what seemed to be smooth solutions beyond
separation, To do this they replaced the standard boundary-layer problem by a
nonstandard one in which the displacement thickness is specified and the external

flow velocity, or equivalently the downstream pressure gradient, is not specified.
 Following this basic work there have been several recent computations of laminar
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