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ABSTRACT 22 

In numerical simulations of deep convection at kilometer-scale horizontal resolutions, in-23 

cloud subgrid-scale (SGS) turbulence plays an important role in the transport of heat, moisture and 24 

other scalars. By coarse-graining a 50 m high-resolution large-eddy simulation (LES) of an 25 

idealized supercell storm to kilometer-scale grid spacings ranging from 250 m to 4 km, the SGS 26 

fluxes of heat, moisture, cloud and precipitating water contents are diagnosed a priori. The 27 

kilometer-scale simulations are shown to be within the “gray zone” as in-cloud SGS turbulent 28 

fluxes are comparable in magnitude to the resolved fluxes at 4 km spacing, and do not become 29 

negligible until ~500 m spacing. Vertical and horizontal SGS fluxes are of comparable magnitudes, 30 

both exhibit non-local characteristics associated with deep convection as opposed to local gradient-31 

diffusion type of turbulent mixing. As such, they are poorly parameterized by eddy-diffusivity-32 

based closures. To improve the SGS representation of turbulent fluxes in deep convective storms, 33 

a scale-similarity LES closure is adapted to kilometer-scale simulations. The model exhibits good 34 

correlations with LES-diagnosed SGS fluxes, and is capable of representing counter-gradient 35 

fluxes. In a posteriori tests, supercell storms simulated with the refined similarity closure model 36 

at kilometer-scale resolutions show better agreement with the LES benchmark in terms of SGS 37 

fluxes than those with a turbulent-kinetic-energy-based gradient-diffusion scheme. However, it 38 

underestimates the strength of updraft, which is suggested to be a consequence of the model 39 

effective resolution being lower than the native grid resolution. 40 
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1. Introduction 41 

Operational numerical weather prediction (NWP) models are gradually approaching 42 

kilometer-scale horizontal resolutions (see Table 13-7 in Benjamin et al. 2019), whereby the bulk 43 

features of deep convective clouds are becoming explicitly resolved (Weisman et al. 1997, Moeng 44 

et al. 2010). Naturally, as the resolution increases, subgrid-scale (SGS) contributions to mass and 45 

momentum fluxes from the formerly parameterized deep moist convection by cumulus schemes 46 

should be gradually tuned down. However, most conventional cumulus schemes designed for 47 

mesoscale resolutions are independent of horizontal grid spacing. In practice, at resolutions finer 48 

than ~4 km, cumulus schemes in NWP models are often switched off entirely, or only shallow 49 

cumulus schemes are retained (Chow et al. 2019). Such models are referred to as convection-50 

permitting/allowing models (CPMs, Schwartz et al. 2009; Clark et al. 2009; Prein et al. 2015) or 51 

cloud-resolving models (CRMs, Moeng et al. 2010), and are found to generally perform better 52 

without cumulus scheme (Chow et al. 2019). For example, Lean et al. (2008) demonstrated the 53 

ability of CPMs to generate more realistic-looking precipitation fields and to improve high 54 

precipitation forecasts. Much earlier efforts with a CPM include Xue et al. (2003), Clark et al. 55 

(2009) and  Pearson et al. (2010) found that at 4 km grid spacing, models can produce realistic 56 

diurnal cycles of convective systems. Zhu et al. (2018) evaluated 4 km real-time forecasts over 57 

China and found improved prediction of precipitation in terms of spatial distribution, intensity, 58 

and diurnal variation than coarser-resolution models. 59 

In the absence of cumulus schemes, SGS turbulence parameterization schemes become 60 

solely responsible for parameterizing unresolved fluxes in CPMs. Most models employ such 61 

parameterization in the form of planetary boundary layer (PBL) schemes, and conventional PBL 62 
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schemes are not designed to represent turbulence fluxes in deep moist convection above the 63 

boundary layer. Although the parameterization of boundary layer turbulence may be sophisticated, 64 

most PBL schemes adopt simple gradient-diffusion representation of fluxes for the free 65 

atmosphere. As with cumulus schemes, most PBL schemes do not account for differences in the 66 

grid spacing used either and the parameterized fluxes are formulated in the vertical dimension only. 67 

Despite the practical success of CPMs, many studies have revealed the partially-resolved 68 

and partially subgrid-scale nature of turbulent fluxes associated with deep moist convection at 69 

kilometer resolutions (Bryan and Fritsch 2002; Moeng et al. 2009, 2010; Bryan and Morrison 2011; 70 

Lebo and Morrison 2015; Tang and Kirshbaum 2020). Within this range, SGS fluxes are 71 

significant and their contribution to the total flow is comparable to that of resolved fields. As a 72 

result, kilometer-scale moist convection simulations exhibit both grid-dependency and sensitivity 73 

to SGS turbulence parameterization (see Chow et al. 2019 and references therein). A general model 74 

challenge for grid spacings comparable to the characteristic length scale of turbulence therefore 75 

exists in the terra incognita or gray zone of turbulence (Wyngaard 2004). In the gray zone, one 76 

key requirement of a SGS turbulence model is scale-adaptivity, which means that the turbulence 77 

scheme should be able to modulate its contribution based on the grid spacing. What is more, the 78 

SGS turbulent mixings are usually anisotropic at gray zone resolutions because of the large 79 

horizontal to vertical grid aspect ratio, so that three dimensional (3D) representation of SGS 80 

turbulence is also important (Sullivan et al. 2003; Wyngaard 2004). 81 

One approach to SGS turbulence modeling at kilometer-scale resolutions is to adapt closures 82 

originally developed for large-eddy simulations (LESs). LES explicitly resolves large energy-83 

containing eddies while the effect of smaller unresolved eddies on resolved flows is parameterized 84 

by a turbulence closure. LES closure is conceptually based on the definition of a spatial filter, 85 
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which is most often tied to the grid spacing, and is therefore intrinsically scale adaptive. In addition, 86 

unlike PBL schemes, LES closures (e.g., Smagorinsky 1963, hereafter Smagorinsky closure; 87 

Deardorff 1972, a closure based on the prognostic equation of turbulence kinetic energy (TKE), 88 

hereafter 1.5-order TKE closure) provide 3D representation of SGS turbulent fluxes. The innate 89 

scale adaptivity and 3D formulation suggest LES closures as potential candidates for gray zone 90 

applications. They have been extended to kilometer-scale simulations of both dry convective 91 

boundary layer (CBL) (Efstathiou and Beare 2015; Efstathiou et al. 2016; Kurowski and Teixeira 92 

2018) and moist convection (Klemp and Wilhelmson 1978a; Takemi and Rotunno 2003; Fiori et 93 

al. 2010; Verrelle et al. 2015, 2017; Shi et al. 2018b,a, 2019; Hanley et al. 2019; Strauss et al. 94 

2019).  95 

The commonly used 1.5-order TKE LES closure was first applied to moist convection by 96 

Klemp and Wilhelmson (1978). They adopted the TKE closure developed by Deardorff (1972) for 97 

boundary layer LES to storm simulations at a grid spacing of O(1 km), and investigated convective 98 

storm dynamics. It is then implemented in community cloud and mesoscale NWP models like 99 

CM1 (Bryan and Fritsch 2002), ARPS (Xue et al. 2001) and WRF (Skamarock and Klemp 2008) 100 

for severe storm simulations. Takemi and Rotunno (2003) examined the 1.5-order TKE and the 101 

Smagorinsky (Smagorinsky 1963) closures for the simulation of idealized squall lines at O(1 km) 102 

horizontal grid spacings and found improved simulation results by adjusting constants in the 103 

closure schemes. Fiori et al. (2010) compared the performance of a 1D PBL scheme and a 3D 104 

TKE-based LES closure applied to a supercell simulation at grid spacings ranging from 200 m to 105 

1 km, and obtained acceptable representation of storm structure, evolution and precipitation with 106 

the latter. They noted that simulations with LES closure exhibited convergence with increased 107 

resolution while those with PBL scheme did not. Verrelle et al. (2015) further demonstrated that 108 
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improvements by using an LES closure instead of a PBL scheme in a supercell simulation becomes 109 

perceptible at 2 km grid spacing.  110 

The above-mentioned studies mostly focused on the resolved storm structures and 111 

precipitation while few have investigated the characteristics of SGS turbulent fluxes associated 112 

with deep convection or the behaviors of LES turbulence closures for such applications. By 113 

filtering LES of a tropical deep convective system to kilometer grids, Moeng et al. (2010) 114 

examined the relationship of the subfilter-scale fluxes and filter-scale variables, and in turn 115 

proposed the nonlinear model following Clark et al. (1979) as an alternative turbulence closure 116 

(more details are given in section 2b). Later, Moeng (2014) re-derived the same closure based on 117 

an updraft-downdraft model framework, and showed a priori that the nonlinear closure better 118 

represents the forward and backward energy transfer between resolved and SGS components. In 119 

an a priori analysis of a tropical deep convection LES, Verrelle et al. (2017) found significant SGS 120 

counter-gradient thermal fluxes in the convective updraft at kilometer scale, which were attributed 121 

to nonlocal moist convection eddy fluxes. Strauss et al. (2019) extended Verrelle's analysis to 122 

include the entire cloud life cycle, and found superior representation of heat, moisture, and 123 

momentum fluxes by Moeng’s nonlinear model compared to the widely-used Smagorinsky and 124 

1.5-order TKE-based LES closures. Shi et al. (2019) applied the dynamic reconstruction model of 125 

Chow et al. (2005) to improve the representation of kilometer-scale SGS fluxes for moist 126 

convection.  They suggested the ability to account for counter-gradient SGS fluxes as one of the 127 

key elements of an appropriate LES closure for gray zone simulations of moist convection.   128 

This study extends the work of Moeng et al. (2010; 2014), Verrelle et al. (2017) and  Strauss 129 

et al. (2019) to a supercell storm typical of the mid-latitude environment. Based on a 50 m LES of 130 

the supercell storm, a priori analysis of a scale-similarity-based nonlinear closure and a gradient-131 
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diffusion-based 1.5-order TKE closure at kilometer-scale resolutions is conducted. By coarse-132 

graining the benchmark LES, scale-dependent model coefficient for the scale-similarity closure is 133 

obtained for a range of grid spacings between 250 m and 4 km. The nonlinear closure is then 134 

implemented into a community atmospheric model and evaluated a posteriori.  135 

2. Case description and numerical methods 136 

a. Benchmark simulation 137 

LES of a tornadic supercell by Roberts et al. (2016) is used as the benchmark simulation in 138 

this study. The storm environment is defined by a sounding derived from a real-data simulation of 139 

the 3 May 1999 tornado outbreak in Oklahoma, US (Dawson et al. 2010). The sounding is 140 

characterized by a strong convective available potential energy of 4154 J kg-1 and a 0-1 km storm-141 

relative helicity of 435 m2 s-2. More information on how environmental conditions as defined by 142 

an atmospheric sounding affect storm type and severity can be found in Thompson and Edwards 143 

(2000).  144 

The LES is conducted with the community Advanced Regional Prediction System (ARPS) 145 

model (Xue et al., 2000; 2001), on a 64 km × 96 km × 16 km domain with 50 m horizontal and 146 

200 m average vertical resolution. Vertical grid spacing is 20 m near the ground and is stretched 147 

progressively to nearly 400 m at the domain top. Open boundary conditions are used on the lateral 148 

boundaries. Surface friction is included with a constant drag coefficient of 0.01 while surface 149 

sensible and latent heat fluxes are set to zero. The 1.5-order TKE closure of Moeng (1984)  based 150 

on Deardorff (1972) is used for SGS turbulence, and the Lin scheme for cloud microphysics (Lin 151 

et al., 1983). As described in Roberts et al. (2016), the final sounding profiles used to define the 152 

storm environment underwent a long period of effectively one-dimensional spinup simulation to 153 
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reach a steady state with a three-force (Coriolis, pressure gradient and frictional forces) balance so 154 

that the environment unaffected by the storm will remain more or less unchanged during the storm 155 

simulation. Here the frictional force results from vertical turbulence moment flux divergence while 156 

at the surface the moment flux is related to surface drag. As shown in Roberts et al. (2016), the 157 

spun-up sounding has a well-mixed boundary layer reaching the 900 hPa level. Not including 158 

surface heat or moisture flux within the simulation allows us to focus on the development and 159 

evolution of storms as well as associated turbulence activities within the given environment with 160 

a fully mixed boundary layer.  161 

The storm is initiated by inserting a 10 km-wide and 1.5 km-deep thermal bubble with a 6 162 

K maximum temperature excess in the center of the domain. In the LES simulation, deep 163 

convection develops quickly in the first 600 s, and updraft reaches full intensity by about 900 s. 164 

Over the next 25 minutes the supercell storm goes through a splitting cycle, with the right mover 165 

being stronger and becoming tornadic (Roberts et al. 2016). In this study, we focus mostly on data 166 

between 25 and 40 minutes of simulation when the simulated storm is in the mature stage. More 167 

details on the experimental design and model configuration can be found in Roberts et al. (2016).  168 

b. Turbulence closures 169 

As mentioned earlier, two SGS turbulence models are evaluated within kilometer-scale 170 

simulations. They represent two typical classes of LES closure,  based on the eddy-viscosity and 171 

scale-similarity closures, respectively. The 1.5-order TKE closure of Deardorff (1972), which was 172 

slightly modified by Moeng (1984), is a widely used eddy-viscosity closure that parameterizes 173 

SGS fluxes of momentum and scalar quantities based on the local gradients of resolved flow, 174 
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𝑢𝑖𝑢𝑗 − 𝑢̅𝑖𝑢̅𝑗 = −𝐾𝑀(
𝜕𝑢̅𝑖

𝜕𝑥𝑗
+

𝜕𝑢̅𝑗

𝜕𝑥𝑖
),

𝑢𝑖𝑐 − 𝑢̅𝑖𝑐̅ = −𝐾𝐻  
𝜕𝑐

𝜕𝑥𝑖
.

    (1) 175 

where the overbar is a spatial filter operator, 𝑐 represents a generic scalar variable. 𝐾𝑀 and 𝐾𝐻 (m2 176 

s-1) are the eddy viscosity and diffusivity respectively, where 177 

𝐾𝑀 = 𝐶𝐾√𝑒𝑙,      (2) 178 

𝐶𝐾 = 0.1 is a model constant, 𝑒 (m2 s-2) is the TKE, and 𝑙 (m) is a turbulence length scale set to 179 

(𝛥𝑥𝛥𝑦𝛥𝑧)
1

3 on near-isotropic grids. For anisotropic grids with large aspect ratios (i.e., Δ𝑥, Δ𝑦 ≫180 

Δ𝑧), horizontal 𝑙ℎ = (𝛥𝑥𝛥𝑦)
1

2  and vertical 𝑙𝑣 = 𝛥𝑧  length scales are set differently in ARPS. 181 

Under stable stratification, 𝑙 is further constrained by the buoyancy length scale 0.76√𝑒/𝑁, where 182 

𝑁 (s-1) is the Brunt-Väisälä frequency. 𝐾𝐻 in Eq. (2) is modeled as 𝐾𝐻 = 𝐾𝑀/𝑃𝑟𝑇, where 𝑃𝑟𝑇 is 183 

the turbulent Prandtl number set to 1/(1 + 2𝑙𝑣/Δ𝑧). 184 

As a gradient-diffusion model, the TKE closure does not allow counter-gradient fluxes that 185 

are often associated with nonlocal boundary layer convection and moist convection fluxes (Shi et 186 

al. 2018; 2019). As such, the TKE closure is purely dissipative and forbids energy backscatter 187 

from small to large scales. While down-gradient diffusion is acceptable in the inertial subrange, it 188 

can be problematic at gray zone spacings where counter-gradient fluxes and backscatter of TKE 189 

becomes significant (Verrelle et al. 2017; Shi et al. 2019; Simon et al. 2019; Strauss et al. 2019). 190 

The other closure examined in this study is the nonlinear model of Clark et al. (1979). The 191 

SGS turbulent fluxes are parameterized by horizontal gradients of resolved variables  192 

𝑢𝑖𝑐 − 𝑢̅𝑖𝑐̅ = 𝐶𝑠
Δ2

12
 (

𝜕𝑢𝑖

𝜕𝑥

𝜕𝑐

𝜕𝑥
+

𝜕𝑢𝑖

𝜕𝑦

𝜕𝑐

𝜕𝑦
),    (3) 193 

where Δ is the grid spacing, and 𝐶𝑠=1 is a model constant assuming a Gaussian filter (see Appendix 194 

A of Chow 2004). The overbar represents 2D horizontal filtering, which is more appropriate for 195 
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anisotropic grids at kilometer-scale resolutions1. Eq. (3) belongs to a general class of scale-196 

similarity models known as the series expansion models (Stolz et al. 2001). It can be derived by 197 

an “un-filtering” or deconvolution procedure applied to the left-hand side of Eq. (3) (Chow 2004). 198 

Moeng et al. (2014) interpreted Eq. (3) based on the updraft-downdraft model framework by 199 

assuming that horizontal fluctuations of the smallest resolved motions and the largest SGS motions 200 

are strongly communicated (i.e., scale-similarity). Based on the algebraic closure of Wyngaard 201 

(2004), Hanley et al. (2019) related Eq. (3) to the tilting of horizontal fluxes into the xi direction. 202 

Because the SGS fluxes are formulated as horizontal gradients of the resolved variables, we follow 203 

Verrelle et al. (2017) and refer to Eq. (3) as the Hgrad closure. Note the right hand side of Hgrad 204 

closure is related to the local gradients of resolved flow, so the closure is sensitive to the “effective 205 

resolution” of the resolved fields. For a filtered LES constructed through coarse graining (see later 206 

in section 2c), the effective resolution approaches  2~4Δ𝑓 (Δ𝑓 is the filter scale length) depending 207 

on the filter chosen. For regular simulations of an NWP model (in section 2d), the effective 208 

resolution tends to be in the 6~8Δ range (Skamarock 2004) instead (Δ is the grid spacing). This 209 

can affect the performance of SGS closure schemes that rely on  ~2Δ  grid scale information. 210 

Free of the local gradient-diffusion assumption, the Hgrad closure is capable of representing 211 

counter-gradient fluxes associated with nonlocal convective transport, and allows backscatter of 212 

TKE from SGS to resolved scales (Shi et al. 2019). It has been evaluated in simulations of deep 213 

convection in the tropics (Moeng et al. 2010, 2014; Verrelle et al. 2017; Strauss et al. 2019), and 214 

yields favorable correlations with the a priori obtained SGS fluxes on kilometer-scale grids by 215 

filtering benchmark LES data. A mixed model (i.e., a linear combination of Eqs. (1) and (3)) was 216 

implemented in the U.K. Met Office Unified Model and evaluated at a horizontal grid spacing of 217 

                                                 
1 For a 3D spatial filter, the right-hand side of Eq. (3) should also include the vertical gradients 

𝜕𝑢𝑖

𝜕𝑧

𝜕𝑐

𝜕𝑧
. 
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1.5 km for real cases in England, and found to alleviate overestimation of heavy precipitation 218 

(Hanley et al. 2019). 219 

The primary advantage of LES closures for the gray zone is their innate scale adaptivity. 220 

The grid spacing Δ is formulated into the closures (e.g., Eqs. (1) and (3)), so that the SGS fluxes 221 

decrease as the model resolution is refined. In comparison, conventional 1D PBL schemes adapted 222 

to gray zone spacings often require some empirically-determined weighting function 𝑓(Δ) to 223 

down-scale the SGS fluxes (Boutle et al. 2014; Shin and Hong 2015; Ito et al. 2015; Zhang et al. 224 

2018). Furthermore, these 𝑓(Δ) functions are largely independent of the local flow, whereas LES 225 

closures are flow-dependent and therefore more advantangous as turbulence gets better resolved.  226 

However, inclusion of Δ  alone does not guarantee the correct scale-adaptive behavior 227 

beyond the inertial subrange where LES closures are originally designed for. When applied to gray 228 

zone spacings at kilometer scale, the “universal” constants at LES spacings (i.e., 𝐶𝑘 in Eq. (1) and 229 

𝐶𝑠 in Eq. (3)) must also be adjusted according to the grid spacing, in order to produce correct SGS 230 

fluxes. Balancing explicit resolution of convective cells and SGS dissipation, Takemi and Rotunno 231 

(2003) suggested enlarging 𝐶𝑘 by a factor of 1.5 to 2 when applying the 1.5-order TKE closure to 232 

squall-line simulations at O(1 km) grid spacings. Moeng (2014) and Verrelle et al. (2017) adopted 233 

the Hgrad model and recommended values of 5 and 7 for 𝐶𝑠  based on a priori evaluations of 234 

simulated tropical deep convection. Strauss et al. (2019) determined 𝐶𝑠 at three different horizontal 235 

resolutions (500 m, 1 km, and 2 km), and showed increasing 𝐶𝑠 with Δ. These studies all suggest 236 

that when applied to gray zone simulations of moist convection, the SGS fluxes increase with grid 237 

spacing faster than their explicit Δ dependence, such that the scheme constants should also increase. 238 

However, the grid dependence of scheme constants (i.e., 𝐶𝑠(Δ)) has not been fully investigated, 239 

especially for severe storm simulations, and will be examined in section 3. 240 
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In addition to the built-in scale-adaptivity, another advantage of adapting an LES closure 241 

rather than a PBL scheme to the gray zone lies in its 3D formulation of SGS fluxes. Conventional 242 

PBL schemes only predict the vertical turbulent fluxes while the horizontal fluxes are ignored 243 

based on the underlying SGS horizontal homogeneity assumption. Based on field observations, 244 

Wyngaard (2004) showed that when approaching the gray zone, SGS horizontal fluxes become 245 

significant and are key to improving model performance in the terra incognita. Compared to their 246 

vertical counterparts, the horizontal SGS turbulent fluxes at gray zone spacings received less 247 

attention in previous investigations, and will be examined in sections 3 and 4. 248 

Last but not least, standard LES closures do not differentiate between the boundary layer 249 

and the free troposphere, and parameterize turbulence irrespective of its origin. This provides 250 

opportunity for a unified treament of SGS turbulence at gray zone resolutions and beyond. Current 251 

scale-adaptive turbulence closure schemes are usually limited to the PBL. In the free troposphere, 252 

they usually revert back to 1D non-scale-adaptive local-gradient-diffusion-based formulations. 253 

This study focuses on the SGS turbulence parameterization for deep moist convection, not for PBL, 254 

however.  255 

c. Coarse-graining benchmark LES 256 

To obtain benchmark solutions at different horizontal resolutions, the LES data introduced 257 

in section 2a is coarse-grained (or upscaled) to a range of grid spacings from 250 m to 4 km (i.e., 258 

250 m, 500 m, 1 km, 2 km, and 4 km). Following Verrelle et al. (2017), a horizontal box filter is 259 

adopted 260 

𝜙
𝛥

=
1

𝑅𝑥𝑅𝑦
∑ ∑ 𝜙𝑖𝑗𝑗𝑖 .      (4) 261 
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Here 𝜙  represents a generic variable, the overbar with attached  represents the horizontal 262 

averaging operator, summed over a 𝑅𝑥 × 𝑅𝑦 stencil centered at grid point (i, j) on the LES grid. 263 

The benchmark SGS flux on a grid of Δ𝑥,𝑦 is therefore 264 

𝑢𝑖𝑐
𝛥

− 𝑢𝑖
𝛥

𝑐
𝛥

=   (𝑢𝑖 − 𝑢𝑖
𝛥

)(𝑐 − 𝑐̅𝛥)
𝛥

=  𝑢𝑖
′′𝑐′′

𝛥
,     (5) 265 

where double primes represent SGS perturbations with respect to the coarse grid. Note that the 266 

SGS fluxes on the original LES grid is ignored on the righthand-side of Eq. (5) because of their 267 

relatively small magnitudes. When the filter width reaches its domain size limit (Lx, Ly), the SGS 268 

flux  𝑢𝑖
′′𝑐′′

𝐿
 in this case represents the total resolved flux. The modeled fluxes are diagnosed by 269 

substituting the filtered variable 𝜙
𝛥
 from Eq. (4) into Eqs. (1) and (3). 270 

d. A posteriori simulation setup 271 

A posteriori simulations adopt the same model setup as the benchmark LES described in 272 

section 2a, except that the horizontal extent of the numerical domain is increased to 128 km × 128 273 

km in order to reduce the influence of the lateral boundaries. Small 4th-order computational mixing 274 

coefficients are adopted (1.0×10-3 s-1 for the 250 m run and 5.0×10-4 s-1 for other runs) to 275 

minimize the effects of computational mixing compared to turbulent mixing. To avoid large 276 

potentially differences in the initial development of storm triggered by the somewhat artificial 277 

thermal bubble (e.g., the convective storm is found to be difficult to trigger on the 4 km grid with 278 

the same initial bubble) so that we can focus on the evolution of storms in their mature stage in 279 

different simulations and the LES benchmark, a “warm start” approach is adopted. The simulations 280 

are initialized from filtered LES fields at their respective resolutions at 900 s when the initial storm 281 

cell has developed from the initial thermal bubble. 3D fields of the simulations up to 2400 s are 282 

then output every 60 s for diagnostic analyses.  283 
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Two sets of simulations are performed, with the TKE and Hgrad closures introduced in 284 

section 2b, respectively. For the Hgrad closure, scale-dependent model constant 𝐶𝑠(Δ) is adopted 285 

(section 3). The Hgrad closure is implemented for all horizontal and vertical SGS fluxes except 286 

for momentum, because attempts to implement the closure to momentum led to decreases in 287 

numerical stability. A mixed formulation combing both eddy-diffusivity and scale-similarity 288 

closures may lead to improved numerical stability while still retaining the counter-gradient 289 

capability of the Hgrad model (Vreman et al. 1996), but is left for future work. Simulations with 290 

the TKE closure adopt the default 𝐶𝑘 values for all resolutions. This is because, as shown in section 291 

3, the fundamental inconsistency of the gradient-diffusion assumption and the counter-gradient 292 

mixing associated with moist convection make it fruitless to optimize 𝐶𝑘  at kilometer-scale 293 

resolutions on purpose of producing truly SGS fluxes. 294 

3. A priori analysis 295 

A priori analysis is conducted based on LES of the supercell to examine the partition of 296 

fluxes between resolved and subgrid-scale within the kilometer-scale resolution range from 250 m 297 

to 4 km. The magnitudes of the fluxes in vertical and horizontal directions are also compared. The 298 

performance of the TKE and Hgrad closures are evaluated and compared across the gray zone 299 

resolution range. Scale-dependency of the closure constant in the Hgrad model is further 300 

determined.  301 

a. General features of SGS fluxes 302 

Mean profiles of potential temperature 𝜃, water vapor mixing ratio 𝑞𝑣 , nonprecipitating 303 

water content 𝑞𝑛𝑝 (combined cloud water and ice mixing ratios), and precipitating water content 304 

𝑞𝑝 (the sum of rain, snow, and hail mixing ratios) as well their respective vertical SGS fluxes at 305 
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different horizontal resolutions are presented in the first row of Fig. 1 for 1800 s of simulation, a 306 

time when the simulated supercell storm is at its mature stage. The SGS fluxes are diagnosed based 307 

on Eq. (5), and then horizontally-averaged as denoted by the angle brackets. Resolved vertical 308 

fluxes from the LES are also plotted as references of the total fluxes associated with the storm 309 

(labeled as “Resolved” in Fig. 1). A snapshot of the LES at 1800 s during the mature stage of the 310 

storm is selected for the analysis, while other times show qualitatively similar results. A function 311 

𝑓(𝑐, 𝑥𝑖) = 𝑢𝑖
′′𝑐′′

Δ
∙ (

𝜕𝑐
Δ

𝜕𝑥𝑖
) is defined to distinguish between downgradient (negative) and counter-312 

gradient (positive) SGS fluxes for variable c following Verrelle et al. (2017). The heights where 313 

〈𝑓(𝑐, 𝑥𝑖)〉 > 0 for Δ = 1 km are shaded to indicate the presence of counter-gradient transport in 314 

Figs. 1a-d. Overall, the vertical SGS fluxes of 𝜃, 𝑞𝑣, 𝑞𝑛𝑝, and 𝑞𝑝  are all positive across the 250 m 315 

to 4 km range except for the cloud top entrainment flux of 𝜃 in Fig. 1a, and the downward flux of 316 

𝑞𝑝 under the cloud base in Fig. 1d. These reflect upward SGS turbulent transport of heat, moisture, 317 

cloud content and precipitating hydrometeors associated with the convective storm. The 318 

magnitudes of the SGS fluxes decrease as horizontal resolution is refined for all four state variables 319 

as expected. 320 

The mean 𝜃  in Fig. 1a is characterized by a stably stratified profile with an increased 321 

stratification strength into the stratosphere. Positive 〈𝑓(𝜃, 𝑧)〉  is found between 1 to 9 km, 322 

indicating counter-gradient turbulent transport of heat at these heights. Heat fluxes reach a global 323 

maximum in-between 6 to 8 km above ground level (AGL), where the convective updraft is also 324 

the strongest (figure no shown). Downgradient entrainment flux dominates close to the cloud top. 325 

The diagnosed heat fluxes from 1 to 4 km spacings are of considerable magnitude compared to the 326 

total flux, as will be quantified in the bottom row of Fig. 1. 〈𝑞𝑣〉(𝑧)  in Fig. 1b decreases 327 

monotonically with height, the upward SGS transport of moisture is therefore mostly down-328 
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gradient, which might be adequately parameterized by a gradient-diffusion scheme. Vertical 329 

profiles of 〈𝑞𝑛𝑝〉  and 〈𝑞𝑝〉  in Figs. 1c and 1d exhibit maximum around the height of the cloud 330 

anvil at 11  12 km AGL, a local peak at about 7 km AGL related to the strongest updraft, and a 331 

local peak near the freezing level at about 4 km AGL (this peak is weak for 〈𝑞𝑝〉). Counter-gradient 332 

transport is observed between 6 to 7, and 9 to 10 km for 〈𝑤′′𝑞𝑛𝑝
′′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ Δ

〉 and 〈𝑤′′𝑞𝑝
′′̅̅ ̅̅ ̅̅ ̅̅ ̅Δ

〉, and is also 333 

found below 4 km AGL for 〈𝑤′′𝑞𝑛𝑝
′′̅̅ ̅̅ ̅̅ ̅̅ ̅̅ Δ

〉.  334 

The ratios of the SGS to the total flux 𝑅(Δ) = 〈𝑤′′𝑐′′̅̅ ̅̅ ̅̅ ̅Δ
〉 / 〈𝑤′′𝑐′′̅̅ ̅̅ ̅̅ ̅L

〉 for different fluxes and 335 

resolutions are presented in the bottom row of Fig. 1. Large fluctuations in the ratios, for examples 336 

those below 1 km in Fig. 1e, are mainly caused by vanishingly small total fluxes (see corresponding 337 

region in Fig. 1a). The 4 km grid has comparable resolved and SGS contributions to the vertical 338 

fluxes for all four variables. As the resolution is refined, 𝑅(Δ) decreases accordingly. On 2 and 1 339 

km grids, the SGS fluxes contribute to roughly 40% and 20% of the total fluxes of 𝜃 and 𝑞𝑛𝑝 at 340 

the convective storm levels, and slightly smaller amounts for 𝑞𝑣 and 𝑞𝑝. If 10% or less SGS flux 341 

contribution is taken as a threshold to define well-resolvedness, Fig. 1 then suggests 500 m as the 342 

lower bound of the gray zone for the supercell storm. However, note that the ratios computed here 343 

are from a priori estimates. Finite difference-based NWP models have an effective resolution of 344 

around 6 ~ 8Δ, as opposed to the 2Δ grid cutoff (Skamarock 2004). This means that for an NWP 345 

model operating at 1 km resolution, contribution from the SGS fluxes might be 3 or 4 times larger 346 

than indicated by Figs. 1e-h because some of the fluxes resolved by the LES are not resolved by 347 

the regularly NWP model. In other words, the gray zone of deep convection can extend to 348 

hectometer-spacings in practice. Regardless of the actual lower bound, Figs. 1e-h suggest the 349 

importance of proper representation of SGS fluxes at kilometer-scale resolutions. 350 
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b. Spatial distribution of SGS fluxes 351 

Horizontal cross sections of the filtered horizontal and vertical SGS heat fluxes and the 352 

corresponding 𝑓(𝜃, 𝑥𝑖) for Δ = 1 km are presented in Fig. 2. Other gray zone resolutions produce 353 

qualitatively similar results and are not shown. The horizontal cross section is taken at 8 km AGL 354 

where the storm updraft is the strongest at the time. Location of the supercell is indicated by the 355 

qnp = 1.010-6 kg kg-1 solid black contour line. The updraft core inside the cloud, as indicated by 356 

the dashed 10 m s-1 w-contour, is shaped like a dumbbell in this particular snapshot, and will split 357 

into north- and south-moving storms at later times. The updraft centers are also the centers for 358 

vertical vorticity, with the north one rotating clockwise and south anticlockwise due to the tilting 359 

of environmental horizontal vorticity (not shown). The rotation pair enhances a cloud-related 360 

rearward (east-to-west) descending flow at this level, responsible for the dumbbell shape of the 361 

convective core.  362 

The left column of Fig. 2 reveals significant SGS heat fluxes within the clouds, whose 363 

magnitudes are much greater than the horizontal mean values presented in Fig. 1a. Comparing 364 

𝑢′′𝜃′′
Δ

, 𝑣′′𝜃′′
Δ

, and 𝑤′′𝜃′′
Δ

 in Figs. 2a, 2c, and 2e shows that the magnitudes of the horizontal 365 

and vertical SGS heat fluxes are on the same order. This is in accordance with the characteristics 366 

of gray zone fluxes (Wyngaard, 2004), suggesting that horizontal SGS mixing is no longer 367 

negligible at kilometer-scale resolutions and should be parameterized properly. The cloudy region 368 

on the southern flank of the supercell is free of significant SGS fluxes, as those are mainly 369 

stratiform clouds that have been passively advected away from the main system. The observation 370 

of horizontal and vertical SGS fluxes with comparable magnitudes is also made for turbulent fluxes 371 

of qv, qnp, and qp (results not shown). 372 
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The most prominent feature of the horizontal SGS heat fluxes in Figs. 2a and 2c is the 373 

divergence around the updraft core, indicating horizontal heat transport from the storm into the 374 

environment. In Fig. 2a, positive and negative 𝑢′′𝜃′′̅̅ ̅̅ ̅̅ ̅Δ dominate over the east and west side of the 375 

updraft core, and likewise for 𝑣′′𝜃′′̅̅ ̅̅ ̅̅ ̅Δ in the north-south direction in Fig. 2c. As most regions of 376 

 𝑓(𝜃, 𝑥)  and 𝑓(𝜃, 𝑦) in Figs. 2b and 2d are negative, the SGS horizontal turbulent exchange 377 

between the storm and environment, commonly referred to as cloud entrainment and detrainment, 378 

are mostly downgradient at this particular elevation. 379 

In Fig. 2e, large positive 𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅Δ takes up almost the entire updraft core, indicating strong 380 

upward transport of heat within the core of the storm. In the adjacent down-shear region to the east 381 

of the updraft core is the mild downdraft branch of the storm circulation, which is associated with 382 

downward 𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅Δ of moderate magnitudes. As shown in Fig. 2f, counter-gradient heat fluxes 383 

clearly dominate over the updraft core, consistent with the findings of Verrelle et al. (2017) and 384 

Strauss et al. (2019) for tropical deep convection. A patch of downgradient heat fluxes on the 385 

southwest of the updraft core is mainly due to the down-shear tilting of the updraft, as will be 386 

shown in Fig. 3.  387 

Figure 3 presents vertical cross sections of heat fluxes through the location of the maximum 388 

w at 8 km AGL as indicated by the solid lines AB and CD in Figs. 2a and 2c (𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅Δ is presented 389 

along line AB). Overall, Fig. 3 reinforces the characteristics of gray zone heat fluxes found in Fig. 390 

2 with respect to their magnitudes and spatial distribution. Similar to the findings of Fig. 2, vertical 391 

and horizontal SGS heat fluxes are of comparable magnitudes throughout the depth of the supercell. 392 

The distribution of SGS heat fluxes also exhibit similar spatial patterns, where the convective 393 

updraft is dominated by upward vertical heat fluxes in the center and surrounded mainly by 394 

divergent horizontal heat fluxes on the periphery. Contours of the flux-gradient product in Fig. 3f 395 
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again confirm the counter-gradient nature of 𝑤′′𝜃′′
Δ

 within the updraft that extends from the cloud 396 

base at about 500 m to about 9 km. A narrow strip of downgradient 𝑤′′𝜃′′
Δ

 is found on the up-397 

shear side of the slanted storm. This is because tilting of the storm by shear creates locally unstable 398 

regions with warm cloudy air below the cold environmental air.  399 

Large regions with horizontal counter-gradient fluxes are found near the convective core in 400 

Figs. 3b and 3d, which is different from Strauss et al. (2019), who only found horizontal counter-401 

gradient regions near the top of convective clouds. It is also against conventional expectations 402 

from cloud entrainment and detrainment. Analysis of horizontal flux budgets (Wyngaard 2004, 403 

Eqs 19-20) show that the tilting term −𝑇 ∙ 𝑤′′𝜃′′
Δ

∙ (
𝜕𝑢𝑖

Δ

𝜕𝑧
) (T is a time scale) plays a leading role 404 

for the horizontal counter-gradient fluxes. For example, the counter-gradient negative 𝑣′′𝜃′′
Δ

 405 

between 10 and 12 km AGL in Fig 3c is related to the positive 𝑤′′𝜃′′
Δ

 and positive 
𝜕𝑣

Δ

𝜕𝑧
 north of 406 

the updraft center. In other words, down-shear tilting of the ascending flow and the upward SGS 407 

fluxes in the convective core together generate horizontal counter-gradient fluxes. This is also true 408 

for other scalars (𝑞𝑣 , 𝑞𝑛𝑝  and 𝑞𝑝), whose horizontal transport also exhibit systematic counter-409 

gradient character (not shown). 410 

c. Correlation coefficients between filtered and modeled SGS fluxes  411 

With the retrieved SGS fluxes from LES, performance of the TKE and the Hgrad closures 412 

are first evaluated through correlation between the filtered and the modeled fluxes (i.e., the left- 413 

and right-hand sides of Eqs. (1) and (3), respectively. As mentioned in section 2c, the filtered 414 

fluxes are obtained according to Eq.(5) directly, while the modeled fluxes are parameterized by 415 

using the filtered variables), and are presented in Fig. 4. Note that the scheme constants (i.e., 𝐶𝐾 416 



 

18 

in Eq. (2)  and 𝐶𝑠 in Eq. (3)) do not affect the correlation coefficients 𝑟. Profiles of 𝑟 at each level 417 

are time-averaged between 25 to 40 min when the storm is in its mature stage. An appropriate SGS 418 

model should at least be able to produce positive correlations.  419 

As shown in Fig. 4a, the filtered and the TKE SGS scheme modeled 𝑤′′𝜃′′
Δ

 are negatively 420 

correlated at all resolutions between 1 and 10 km AGL, and poorly correlated at other heights. In 421 

comparison, the Hgrad modeled 𝑤′′𝜃′′
Δ

 correlate well with the filtered fluxes, with r(z) ~ 0.5 for 422 

the most of the deep cloud layer at 4 km resolution, and gradually increases to about 0.7 at 250 m 423 

resolution. Slight decrease of r(z) towards the ground surface and cloud top are observed for the 424 

Hgrad model, especially on 4 km grid. This is mainly due to a limited number of cloudy grid points 425 

and the small magnitude of fluxes at these elevations as shown in Fig. 1.   426 

Unlike heat fluxes, the TKE model is able to achieve positive correlations for 𝑤′′𝑞𝑣
′′

Δ
 427 

throughout the depth of the storm. This is because 𝑤′′𝑞𝑣
′′

Δ
 is directed downgradient of 𝑞𝑣

Δ
(𝑧) as 428 

shown earlier in Fig. 1b. But even so, the correlation coefficients for the Hgrad modeled 𝑤′′𝑞𝑣
′′

Δ
 429 

are still higher for most of the resolutions considered, especially for the levels above 10 km. 430 

For 𝑤′′𝑞𝑛𝑝
′′

Δ
 and 𝑤′′𝑞𝑝

′′
Δ

 in Figs. 4c and 4d, 𝑟(z) of the TKE closure are close to zero for all 431 

gray zone resolutions tested, and are negative at some levels near or under the cloud base. For the 432 

Hgrad closure, 𝑟(z) are positive with values comparable to those of  𝑤′′𝜃′′
Δ

 and 𝑤′′𝑞𝑣
′′

Δ
, except 433 

for some decreases in 𝑤′′𝑞𝑝
′′

Δ
 for 4 km and 2 km resolutions at about 4 km AGL, roughly the 434 

melting level where the gradients of hydrometeors are large. Figures 4a, 4c and 4d point to a 435 

fundamental deficiency of the TKE closure that could not possibly be ameliorated through tuning 436 

of scheme constants. As we shall further elaborate with Figs 7 and 8, this is due to the TKE 437 

closure’s inability to represent counter-gradient fluxes of potential temperature and cloud contents. 438 
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Correlation profiles for horizontal SGS fluxes of all scalars selected in this work show 439 

similar trends, so only those for 𝑢′′𝜃′′
Δ

 is presented in Fig. 4e. 𝑟(z) for the Hgrad model again 440 

exceeds that for the TKE model at almost all elevations, for all resolutions considered. Three 441 

components of the Reynolds stresses tensor 𝑢′′𝑤′′
Δ

, 𝑢′′𝑢′′
Δ

, and 𝑤′′𝑤′′
Δ

 are presented in Figs. 442 

4f-4h. Correlation profiles for the other deviatoric flux profiles qualitatively resemble those for 443 

𝑢′′𝑤′′
Δ

 and are not plotted. In Fig. 4f, the TKE modeled 𝑢′′𝑤′′
Δ

 are poorly correlated with filtered 444 

flux even at 250 m resolution. The Hgrad model, on the other hand, predicts higher correlations 445 

which increase with improved horizontal resolution. For the horizontal and vertical velocity 446 

variances 𝑢′′𝑢′′
Δ

 and 𝑤′′𝑤′′
Δ

, the Hgrad model produces consistently high positive correlation 447 

across the gray zone resolutions. As will be shown later in Fig. 9, with the scale-aware coefficients, 448 

the Hgrad model can give very good prediction of the SGS TKE.  449 

While the Hgrad model exhibits better correlations than the TKE model in general, the 𝑟(z) 450 

values often degrade below the cloud base especially at 2 and 4 km resolution. Note that the 451 

benchmark simulation was driven with zero sensible and latent surface heat fluxes, so boundary 452 

layer is close to neutral and there is not much turbulence activity in the boundary layer. Therefore, 453 

fidelity of the Hgrad model within the boundary layer cannot be adequately assessed, and should 454 

be investigated in a future study.  455 

d. Coefficients Cs in Hgrad closure 456 

The consistent high correlations between the filtered and the Hgrad modeled fluxes in Fig. 457 

4 suggest the Hgrad closure as a suitable SGS model for simulating deep convective storm at 458 

kilometer-scale resolutions. We then proceed to determine its scheme constant 𝐶𝑠 based on the 459 

root-mean-square values of the left- and right-hand sides of Eq. (3). 𝐶𝑠  is computed over the 460 
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vertical range between 1 to 14 km that includes almost the entire depth of the storm. It is then time 461 

averaged between 25 to 40 min during the mature stage of the storm. Although the vertical profiles 462 

of the spatial- and temporal-averaged 𝐶𝑠  exhibit some moderate fluctuations with height (not 463 

shown), for simplicity it is further depth-averaged to obtain a single value for a particular resolution. 464 

The procedure is repeated for all SGS fluxes and results are presented in Fig. 5. Coefficients for 465 

scalar and momentum fluxes are determined separately. The 𝐶𝑠 values obtained for scalars are 466 

found to exhibit different resolution dependence for the vertical and horizontal fluxes, possibly 467 

due to grid anisotropy at gray zone resolutions. Therefore, two coefficients 𝐶𝑠,𝑣  and 𝐶𝑠,ℎ  are 468 

determined for vertical and horizontal directions, respectively. 469 

In general, the retrieved 𝐶𝑠,𝑣  and 𝐶𝑠,ℎ  exhibit monotonic increase with resolution from a 470 

value of 2 at 250 m spacing, to about 13 for 𝐶𝑠,𝑣 and 8 for 𝐶𝑠,ℎ at 4 km spacing. Increased data 471 

scatter is found at coarser resolutions as indicated by the wider error bars. This is partly due to a 472 

lack of samples as the grid spacing gets wider. The SGS fluxes of the four scalars investigated (i.e., 473 

θ, qv, qnp and qp) produce similar and consistent 𝐶𝑠(Δ) curves. The intra-scalar variations at a given 474 

resolution are small compared to the changes of 𝐶𝑠 with respect to Δ. As shown in Fig. 5a, 𝐶𝑠,𝑣 is 475 

around 6 at 1 km resolution, which is close to the values of 5 proposed by Moeng (2014) and 7 by 476 

Verrelle et al. (2017) and Strauss et al. (2019) for kilometer-resolution simulations of tropical deep 477 

convection. 478 

The increase of 𝐶𝑠 with Δ in Figs. 5a and 5b confirms that the explicit grid dependence of 479 

the Hgrad closure (i.e., Δ2 on the right-hand side of Eq. (3)) alone is not enough to account for 480 

changes of the SGS fluxes at gray zone resolutions. The range of 𝐶𝑠(Δ) further suggests that it 481 

should not be treated as a constant over the kilometer-resolution range. Grid dependent 𝐶𝑠(Δ) 482 

curves averaged over the fluxes presented in Figs. 5a and 5b are empirically fitted by power series 483 
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𝐶𝑠,𝑣(Δ) = 0.074Δ0.63,

𝐶𝑠,ℎ(Δ) = 0.27Δ0.41,
     (6) 484 

where Δ is measured in units of meters. The 𝐶𝑠 for momentum (𝐶𝑚) also show grid-dependency 485 

(in Fig. 5c), and the 𝐶𝑚(Δ) curves for vertical covariances 𝑢′′𝑤′′
Δ

 and 𝑣′′𝑤′′
Δ

 are fitted as 486 

𝐶𝑚(𝛥)  =   0.11𝛥0.54.     (7) 487 

Other components of the stress tensor are not fitted due to their relatively wide spread. 488 

e. Profile and distribution of modeled SGS fluxes  489 

With the scale-dependent coefficients 𝐶𝑠(Δ), vertical profiles of the Hgrad modeled  𝑤′′𝜃′′
Δ

 490 

and 𝑢′′𝜃′′
Δ

 are computed and presented alongside the LES filtered fluxes in Fig. 6. Modeled fluxes 491 

by the TKE closure with its default constant Ck = 0.1 are also plotted for comparison. Dashed lines 492 

in Fig. 6 are from the online simulations that will be discussed in the following section. The 493 

modeled 𝑤′′𝜃′′
Δ

 values from the Hgrad scheme agree reasonably well with their respective 494 

filtered-LES fluxes from 250 m to 4 km, although growing discrepancies are found for coarse 495 

resolution results. In comparison, profiles of the TKE scheme are completely off with wrong signs.  496 

For the horizontal fluxes 𝑢′′𝜃′′
Δ

 in the bottom row of Fig. 6, the Hgrad model is able to 497 

reproduce the filtered-LES profiles reasonably well at gray zone resolutions. The TKE model, on 498 

the other hand, is able to produce fluxes with the right signs. This is expected based on the 499 

correlation profiles in Fig. 4e, which shows the largely downgradient nature of horizontal fluxes 500 

on kilometer-scale grids (see also Figs. 2b and 3b). The flux profiles of the TKE model also have 501 

similar shapes as that of the LES filtered fluxes, and therefore could be improved by tuning up the 502 

model constant Ck as suggested by Takemi and Rotunno (2003). The diagnosed fluxes of other 503 
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variables (except for 𝑤′′𝑞𝑣
′′

Δ
) show similar patterns to 𝑢′′𝜃′′

Δ
, which is consistence with the 504 

results of Fig. 4 and are not presented here. 505 

Besides horizontally-averaged profiles, horizontal and vertical cross sections of the modeled 506 

heat fluxes are presented in Figs. 7 and 8 to evaluate the ability of LES closures to reproduce the 507 

spatial distribution of SGS fluxes. The modeled fluxes are evaluated against the LES filtered fluxes 508 

presented earlier in Figs. 2 and 3. For the horizontal fluxes, the TKE and Hgrad closures are both 509 

able to reproduce the most prominent feature of divergent fluxes away from the updraft core. 510 

However, the TKE fluxes in Figs. 7a and 7c show spurious horizontal wave features down-shear 511 

of the updraft, corresponding to the wavy storm outflow shown in Fig. 2. The horizonal distribution 512 

of the Hgrad fluxes compare better with that of Figs. 2a and 2c, although it predicted some small 513 

fluxes out of the storm over the stratiform region that is absent in the filtered-LES results. 514 

Contours of the modeled 𝑤′′𝜃′′
Δ

 show distinct differences between the two closures. The 515 

TKE closure fails to produce upward 𝑤′′𝜃′′
Δ

 for most part inside the updraft core in Fig. 7e due 516 

to its eddy-viscosity formulation. The TKE closure is only capable of capturing the small region 517 

of positive 𝑤′′𝜃′′
Δ

 on the southwest corner of the updraft core in Fig. 7e, because the fluxes are 518 

downgradient as shown in Fig. 2f as a results of the down-shear storm tilt. The Hgrad modeled 519 

fluxes in Fig. 7f compare well with LES benchmark in Fig. 2e, especially within the updraft core 520 

where vigorous upward heat fluxes occur.  521 

Vertical cross sections of the modeled fluxes in Fig. 8 reinforce the observations made from 522 

Fig. 7. The TKE modeled 𝑢′′𝜃′′
Δ

 and 𝑣′′𝜃′′
Δ

 bear some resemblance to the filtered LES results in 523 

Figs. 3a and 3c, although they appear overly-smooth and miss regions where the horizontal 524 

counter-gradient transport exist. In comparison, the Hgrad model is able to capture most of the 525 
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fine-scale fluctuations, and compares quite well with that of Fig. 3. In Fig. 8e, the TKE closure 526 

predicts spurious downward pointing 𝑤′′𝜃′′
Δ

 over all counter-gradient regions outlined in Fig. 3f. 527 

The distribution of the filtered LES fluxes in Fig. 3e is reproduced well by the Hgrad model in Fig. 528 

8f.  529 

The last point we wish to make about the Hgrad model in this section is its ability to represent 530 

SGS TKE. Unlike eddy-viscosity models, the trace of the stress tensor predicted by a scale-531 

similarity model can offer useful predictions the SGS TKE (Zhou and Chow 2011). Figure 9 532 

presents the vertical profiles of the horizontal-averaged TKE diagnosed by the Hgrad model along 533 

with the filtered LES profiles at gray zone resolutions. Good overall agreement with the filtered 534 

LES profiles is achieved by the Hgrad model, except for some discrepancy for the 2 km resolution 535 

results in Fig. 9d and some moderate overprediction for the 4 km resolution results in Fig. 9e. 536 

Overall, the favorable comparison suggests that Eq. (3) could alternatively be used as a diagnostic 537 

tool for SGS TKE in kilometer-scale simulations of deep convection.  538 

4. Results of a posteriori simulations 539 

Given favorable a priori evaluations, the Hgrad model with scale dependent coefficient 540 

𝐶𝑠(Δ) is implemented in ARPS for all scalars. Results of the online a posteriori simulations 541 

described in section 2d are presented here. Except for the 4 km simulations, all other finer-542 

resolution simulations are capable of simulating the supercell storm. On the 4 km grid however, 543 

the storm cell present at 900 s undergoes rapid decay and the supercell fails to further develop with 544 

either SGS models. For grid spacings of 2 km and finer, the evolution and structure of supercells 545 

in Hgrad simulations broadly resemble those of TKE simulations at the same grid spacing although 546 

differences do exist in detail, which will be illustrated later.  547 
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Horizontally-averaged profiles of the simulated 𝑤′′𝜃′′
Δ

 and 𝑢′′𝜃′′
Δ

 at 1800 s are presented 548 

alongside with their offline diagnosed counterparts in Fig. 6. For vertical fluxes in the first row of 549 

Fig. 6, profiles from Hgrad model show good overall agreement with the LES profiles at gray zone 550 

resolutions of 250 m, 500 m, and 1 km. At 2 km resolution, a prevalent underprediction of 𝑤′′𝜃′′
Δ

 551 

is found below 8 km AGL, which could be improved slightly by tuning up 𝐶𝑠,𝑣 further than what 552 

Eq. (7) dictates. At 4 km resolution, the field is too smooth, so the 𝑤′′𝜃′′
Δ

 is vanishingly small.  553 

The TKE model, on the hand, has no predictive capability of the counter-gradient vertical 554 

fluxes as expected. In fact, the modeled 𝑤′′𝜃′′
Δ

 by the TKE closure vanishes at resolutions beyond 555 

500 m. This is due to the rapid drop of the predicted TKE at coarse gray zone resolutions, hence a 556 

diminishing mixing coefficient according to Eq. (2). It is confirmed by plotting the vertical profiles 557 

of TKE by the TKE closure in Fig. 9. The severe under-estimation of TKE is a direct result of the 558 

SGS closure’s inability to represent counter-gradient heat fluxes, and therefore missing the 559 

essential buoyancy production source term in the prognostic TKE equation (Verrelle et al. 2017).  560 

In the bottom row of Fig. 6, the simulated horizontal heat fluxes by the Hgrad model also 561 

compares well with the LES benchmark from 250 m to 2 km resolutions, except for some over-562 

prediction on the finest 250 m grid. Similar to 𝑤′′𝜃′′
Δ

, the TKE predicted 𝑢′′𝜃′′
Δ

 is also close to 563 

zero at all resolutions due to the underprediction of TKE. Besides 𝜃, vertical flux profiles of other 564 

scalars by the Hgrad model also show agreement with their respective LES profiles (results not 565 

shown). The derived TKE from the Hgrad simulations have profiles with similar shape to the LES 566 

except for 4-km resolution (Fig. 9). At finer grid spacings of 250 m and 500 m, the Hgrad model 567 

also overpredicts TKE compared to the LES benchmark. TKE from the TKE closure is under-568 

predicted at 500 m and nearly zero for large grid spacings, and somewhat over-predicted at 250 m. 569 
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Aside from the SGS flux profiles, vertical profiles of the horizontally-averaged resolved and 570 

total heat fluxes are presented in Fig. 11. Simulated profiles of resolved heat flux are similar for 571 

both SGS models at 250 m and 500 m resolutions, and agree well with the filtered LES profiles. 572 

At 1 and 2 km resolutions, the TKE model produces stronger resolved upward heat flux (and also 573 

stronger updraft) than the Hgrad model, which compensates for its underestimated SGS 574 

w′′𝜃′′
Δ

such that the total upward heat flux profiles turn out to be very similar for the two models. 575 

The compensating behavior of the resolved fluxes to the TKE model at gray zone spacings is 576 

similar to the previous findings for boundary layer turbulence (Simon et al. 2019). The reason is 577 

likely complicated and deserves its own future study. Briefly, one plausible explanation is that as 578 

the TKE model transports heat in the wrong direction downwards, the vertical stability is weakened 579 

to allow for stronger updraft. It could also be due to the limited horizontal SGS mixing of the TKE 580 

model as shown in Fig. 6 and later in Fig. 12 such that the convective updraft stays relatively 581 

undiluted. Lastly, at 4 km resolution, the supercell fails to develop so neither model produces any 582 

upward heat flux.  583 

Next, horizontal and vertical cross sections of the modeled heat fluxes are examined for 1 584 

km resolution results. Figure 11 presents the contours of the SGS heat fluxes at 8 km AGL for the 585 

TKE and Hgrad models. The storm morphology, as outlined by the cloud contour, appears different 586 

in the online simulations due to the feedback of the SGS fluxes on the resolved flow. For the TKE 587 

closure, the magnitudes of both vertical and horizontal heat fluxes are much smaller than the 588 

filtered LES fields presented in Fig. 2 due to underestimation of TKE. The resulting updraft core 589 

is also much smaller in Fig. 11a, and has already split into northward and southward moving parts 590 

at 8 km AGL. The horizontal (Figs. 11b and 11d) and vertical (Fig. 11f) heat fluxes predicted by 591 

the Hgrad closure show similar magnitudes and distribution as the filtered LES results. The flux 592 
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fields however, appear much smoother than the diagnosed fluxes presented in Fig. 7, likely a result 593 

of the coarser effective resolution of the finite-difference model. Compared to the TKE closure, 594 

Hgrad closure produces stronger horizontal mixing between the convective updraft and the 595 

environmental air, which could decrease the buoyancy of the updraft core. The predicted updraft 596 

core is broader than that of the TKE model and remains connected as the LES results, although the 597 

overall area of the updraft core is still somewhat smaller. Vertical cross sections in Fig. 12 indicate 598 

similar results for the SGS heat fluxes. However, the TKE closure produces stronger updrafts 599 

compared to the Hgrad closure, which might be related to the wrong vertical downward and the 600 

weaker horizontal outward SGS heat fluxes in the TKE scheme, as mentioned before. Similar 601 

behavior was also noted by Hanley et al. (2019). Compared to the results of filtered LES, the 602 

updraft produced by Hgrad closure is also weaker, which could be due to coarser effective 603 

resolutions.  604 

To illustrate the influence of SGS closures on the storm structure, horizontal and vertical 605 

cross sections of the simulated supercells at 1 km resolution as well as the filtered LES field are 606 

presented in Fig. 13. The time chosen is 2100 s, 5 minutes after the above analyses, to let the 607 

impacts accumulate. By this time, the supercell storm has undergone at least one splitting (Klemp 608 

and Wilhelmson 1978b), and the right-moving cell becomes the dominant one and is located close 609 

to the center of plotted domain in Fig. 13. The left-moving cell near the northwestern corner of the 610 

plotted domain in Fig. 13 are much smaller and weaker, especially in Hgrad (Fig. 13e) and TKE 611 

(Fig. 13c) simulations. In the right-moving cell of LES (Fig. 13a), strong mesocyclone rotation 612 

near the updraft core within the simulated supercell is clearly seen from the wind vectors at 1 km 613 

height level, and also suggested by the hook-shaped reflectivity echo wrapping around the updraft 614 

core. These features are also evident in the TKE (Fig. 13c) and Hgrad (Fig. 13e) simulations except 615 



 

27 

that the rotation is weaker and the hook is less pronounced, and more so in Hgrad simulation. The 616 

near surface cold pool in all simulations, as outlined by the 0.5 K perturbation potential 617 

temperature contours, are similar in size. In the vertical cross section along the low-level inflow 618 

and cutting through the low-level updraft core, a weak echo vault is found underneath the most 619 

intense reflectivity core between 4 and 5 km (Fig. 13b), which is a structure characteristic of 620 

intense supercell storm. Generally similar structures are found in TKE and Hgrad simulations, 621 

although the strong echo top is noticeably lower in both simulations than LES (about 6.7 km and 622 

6 km high, respectively, versus ~8 km in LES), as well as the low-level updrafts. The resolution 623 

difference should be the main reason for the differences from LES simulation, while the difference 624 

between TKE and Hgrad simulations are due to the turbulence parameterization schemes as 625 

mentioned before.  626 

Time series of the domain-averaged precipitation rate is presented in Fig. 14. The 627 

precipitation rates at the resolutions of 250 m and 500 m are similar for both SGS turbulence 628 

closures and are close to that of the LES. For grid spacings of 1 km and 2 km, the first rainfall 629 

peak in the TKE simulations is larger than that of the Hgrad scheme, consistent with the stronger 630 

simulated updrafts. For resolutions coarser than 1 km, delays in the onset of precipitation are 631 

observed. At 2 km resolution, rainfall rates quickly spike beyond the LES benchmark once initiated 632 

and fall back shortly after, while the LES show sustained rainfall. In spite of this, the Hgrad closure 633 

certainly performs better than the TKE closure, given its longer sustained high rainfall period (25-634 

35 min) and less overpredicted rainfall rate. At 4 km resolution, further delays are found for the 635 

onset of rainfall, and both simulated rainfall rates exhibit faster decay. Although the Hgrad model 636 

still shows better agreement with the LES benchmark than the TKE closure in terms of the 637 

maximum rain rate reached, the rain rate curves essentially suggest that 4 km resolution is most 638 
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likely too coarse to allow explicit resolution of the supercell, imposing a numerical limit that could 639 

not be easily overcome by improving SGS turbulence closure alone. Potvin and Flora (2015) also 640 

found that 4-km grid spacing was too coarse to reliably simulate supercells. In real cases, sustained 641 

convection can often develop within CPMs at 4 km grid spacing (e.g., Zhu et al. 2018) due to, for 642 

example, boundary layer convergence forcing or orographic lifting, which are absent in the current 643 

simulations. Applying the proposed scheme to real cases is a goal of our future studies. 644 

Summary and future work 645 

By coarse-graining a high resolution LES of a supercell storm, a priori analysis is first 646 

conducted to examine the characteristics of SGS turbulence fluxes at typical convection-647 

resolving/allowing resolutions from 250 m to 4 km. It is shown that at kilometer-scale resolutions, 648 

the deep convective storm is only partially resolved and partially subgrid scale. Vertical SGS 649 

fluxes of heat, moisture, cloud ice/water contents and precipitating hydrometeor contents account 650 

for as large as 50% of the total fluxes on a 4 km grid and do not drop below 10% until the grid 651 

spacing is refined to 500 m, confirming that kilometer-scale resolutions are in fact in the gray zone 652 

for deep convection as previous studies have suggested. Close examination of the SGS fluxes 653 

suggests the need for a three-dimensional representation of SGS turbulence, as the horizontal and 654 

vertical SGS fluxes are of comparable magnitudes. The in-storm vertical SGS fluxes exhibit 655 

prominent counter-gradient features especially within the storm updrafts where counter-gradient 656 

fluxes are dominant. Horizontal SGS fluxes are mainly characterized by divergence around the 657 

updraft at the upper levels, representing turbulent mixing between the cloud and the environment. 658 

They are mostly downgradient at kilometer-scale resolutions, but are counter-gradient in some 659 

regions related to the tilting of the updraft core. 660 
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The possibility of extending LES turbulence closures to kilometer-scale simulations of deep 661 

convection is considered, because LES closures are both grid-dependent and 3D by formulation, 662 

which satisfies the key requirements for SGS turbulence model at gray zone resolutions. With the 663 

filtered LES data as benchmark, two LES closures (TKE and Hgrad) at kilometer-scale resolutions 664 

are evaluated a priori. The TKE scheme is a classic eddy-diffusivity scheme based on gradient-665 

diffusion assumptions, while the Hgrad scheme is a scale-similarity model that permits counter-666 

gradient fluxes. Correlations between the filtered LES fluxes and the modeled fluxes by the 667 

turbulence closures favor the Hgrad model, which is able to achieve average values between 0.5-668 

0.7 at kilometer-scale resolutions. The TKE closure gives negative correlations for vertical heat 669 

fluxes and almost zeros correlation for cloud contents and precipitating hydrometeor contents. 670 

Examination of horizontal and vertical distributions of the SGS heat fluxes further shows that 671 

Hgrad model is able to reproduce the dominant upward heat fluxes in the storm core, and is better 672 

at capturing fine scale variations within the storm than the TKE scheme. Overall, the Hgrad 673 

modeled fluxes compare well with the LES benchmark, while TKE model performs poorly due 674 

mostly to its inability to represent counter-gradient fluxes. 675 

Given the favorable a priori assessment, coefficients of the Hgrad model are computed for 676 

different gray zone resolutions for the supercell storm simulation. Considering the anisotropy of 677 

the gray zone grids, the coefficients are split into horizontal and vertical directions. Both 678 

coefficients increase monotonically with grid spacing in the gray zone range, and are each fitted 679 

with a power series. The Hgrad model with such scale (grid spacing) awareness is implemented 680 

into community atmospheric model ARPS, and a posteriori simulations of the supercell storm on 681 

kilometer-scale grids are conducted. Comparison of these online simulations with the LES 682 

benchmark show that the Hgrad model is indeed able to give decent representations of both vertical 683 
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and horizontal SGS fluxes in the resolution range between 250 m to 2 km. The simulated flux 684 

fields appear smoother than the LES benchmark due mostly to the effective resolution of the finite-685 

difference model. Storm structures are also well reproduced with the Hgrad model, except for 686 

moderate underestimations of the updraft intensity. In contrast, simulations with TKE closure 687 

produce erroneous downward SGS heat fluxes in the vertical direction, and weaker SGS mixing 688 

between the convective and environmental air in the horizontal direction for most resolutions. At 689 

4 km, both models show systematic underpredictions of vertical fluxes, and also severe 690 

underpredictions of rainfall. This suggests that at 4 km grid spacing, neither model is able to 691 

overcome the numerical deficiency of low spatial resolution. 4 km is simply too low a resolution 692 

to accurately resolve supercell storms, consistent with the earlier study of Potvin and Flora (2015).   693 

Overall, the Hgrad closure presents promising prospects as a more accurate SGS turbulence 694 

closure model for kilometer-scale simulations of deep convection. Performance of model will be 695 

further evaluated for other types of storms and real cases to determine its suitability for convective 696 

scale weather prediction at convection-resolving/allowing resolutions, and to optimize the scale-697 

dependent coefficients. Future work also plans to investigate the interactions between SGS 698 

turbulence with microphysics on gray zone grids.  699 
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List of Figures 883 

FIG. 1. Horizontally-averaged profiles of (a) potential temperature , (b) water vapor mixing ratio 884 

qv, (c) nonprecipitating water content qnp (the sum of cloud water and cloud ice mixing 885 

ratios) and (d) precipitating water content qp (the sum of rain water, snow and hail mixing 886 

ratios) (dashed line) along with their respective vertical SGS fluxes for different horizontal 887 

resolutions (color solid lines) and the resolved vertical fluxes from LES (black lines) at 888 

1800 s. Vertical profiles of the SGS-to-total flux ratios for (e) , (f) qv, (g) qnp and (h) qp. 889 

Zero values are represented by dotted lines. Angle brackets represent horizontal averaging. 890 

In (a-d), mean variables are plotted with dashed lines (top axes) and their SGS fluxes with 891 

solid lines (bottom axes), the heights where 〈𝑤′′𝑐′′
Δ

× (𝜕𝑐̅Δ 𝜕𝑧⁄ )〉 > 0 for ∆ = 1 km are 892 

shaded. 893 

FIG. 2. Horizontal cross sections of the filtered (a) 𝑢′′𝜃′′
Δ

, (b) 𝑢′′𝜃′′
Δ

× (𝜕𝜃̅Δ/𝜕𝑥), (c) 𝑣′′𝜃′′
Δ

, 894 

(d) 𝑣′′𝜃′′
Δ

× (𝜕𝜃̅Δ/𝜕𝑦), (e) 𝑤′′𝜃′′
Δ

, and (f) 𝑤′′𝜃′′
Δ

× (𝜕𝜃̅Δ/𝜕𝑧) from LES at 8 km AGL 895 

with Δ = 1 km. Thin solid contours represent the cloud boundary where qnp = 1.010-6 kg 896 

kg-1. Dashed contours outline the updraft core where w ≥ 10 m s-1. Thick solid lines AB 897 

and CD indicate the locations of the vertical cross sections presented in FIG. 3. 898 

FIG. 3. As FIG. 2, but for the vertical cross sections along the horizontal solid lines AB (for a, b, e, 899 

and f) and CD (for c and d) in FIG. 2. Arrows represent storm-related (u, w) (for a, b, e, and 900 

f) and (v, w) (for c and d) wind vectors. 901 

FIG. 4. Profiles of the correlation coefficients r between diagnosed and modeled SGS fluxes (a) 902 

𝑤′′𝜃′′
Δ

, (b) 𝑤′′𝑞𝑣
′′

Δ
, (c) 𝑤′′𝑞𝑛𝑝

′′
Δ

, (d) 𝑤′′𝑞𝑝
′′

Δ
, (e) 𝑢′′𝜃′′

Δ
, (f) 𝑢′′𝑤′′

Δ
, (g) 𝑢′′𝑢′′

Δ
and (h) 903 
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𝑤′′𝑤′′
Δ

 at different horizontal resolutions from 25 to 40 min. Solid and dashed lines 904 

represent correlation of modeled fluxes with the Hgrad and the TKE closures respectively. 905 

FIG. 5. Scheme coefficients in the Hgrad closure for (a) vertical 𝐶𝑠,𝑣, (b) horizontal 𝐶𝑠,ℎ, and (c) 906 

momentum 𝐶𝑚 as functions of the horizontal resolution . Circles represent the depth-907 

averaged temporal mean between 1 and 14 km AGL from 25 to 40 min, and the error bars 908 

indicate one standard deviation from the mean. The dashed lines represent empirical 909 

power-law fits. 910 

FIG. 6. Horizontal-averaged profiles of  𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ Δ
 (top row) and 𝑢′′𝜃′′̅̅ ̅̅ ̅̅ ̅Δ

 (bottom row) at horizontal 911 

resolutions of (a, f) 250 m, (b, g) 500 m, (c, h) 1 km, (d, i) 2 km, and (e, j) 4 km. Legends 912 

with suffix “D” represent the a priori diagnosed fluxes, those with suffix “R” represent 913 

fluxes from a posteriori online simulations. Note the different x-axis values.  914 

FIG. 7. Horizontal cross sections for modeled SGS fluxes of 𝑢′′𝜃′′
Δ

 (top row), 𝑣′′𝜃′′
Δ

 (middle 915 

row), and 𝑤′′𝜃′′
Δ

 (bottom row) at 8 km AGL with Δ = 1 km. The left and right columns 916 

represent results from the TKE and the Hgrad closures, respectively. 917 

FIG. 8. As FIG. 7, but for the vertical cross sections along the horizontal solid lines in FIG. 2.  918 

FIG. 9. Horizontally averaged profiles for TKE at horizontal resolutions of (a) 250 m, (b) 500 m, 919 

(c) 1 km, (d) 2 km, and (e) 4 km.  920 

FIG. 10. Vertical profiles of the horizontally-averaged resolved heat flux 𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ L
− 𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ ∆

(dashed 921 

lines) and total heat flux 𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ L
 (solid lines) at horizontal resolutions of (a) 250 m, (b) 500 922 

m, (c) 1 km, (d) 2 km, and (e) 4 km. Results are from the a posteriori online simulations. 923 

FIG. 11. As FIG. 7, but for the a posteriori online simulations.  924 

FIG. 12. As FIG. 8, but for the a posteriori online simulations.  925 
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FIG. 13. Horizontal (left column) and vertical (right column) cross sections of wind vectors and 926 

simulated reflectivity field (color shaded) for (a, b) filtered LES, (c, d) simulation with 927 

TKE scheme, and (e, f) simulation with Hgrad scheme. The horizontal cross sections are 928 

at 1 km AGL, and the vertical cross sections are through the updraft cores, their locations 929 

are indicated by the thick solid lines in a, c and e. Vertical velocity (thin contours at 1 m s-930 

1 intervals begin from 5 m s-1) and the outline of cold pool gust front (blue line, the 0.5 K 931 

perturbation   from base state at 10 m AGL) are also presented at the left column. The 932 

horizontal grid spacing for TKE and Hgrad simulations is 1 km and the plotted fields are 933 

at 2100 s. 934 

FIG. 14. Time series of domain-averaged precipitation rate. 935 

  936 
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 937 

FIG. 1. Horizontally-averaged profiles of (a) potential temperature , (b) water vapor mixing 938 

ratio qv, (c) nonprecipitating water content qnp (the sum of cloud water and cloud ice mixing ratios) 939 

and (d) precipitating water content qp (the sum of rain water, snow and hail mixing ratios) (dashed 940 

line) along with their respective vertical SGS fluxes for different horizontal resolutions (color solid 941 

lines) and the resolved vertical fluxes from LES (black lines) at 1800 s. Vertical profiles of the 942 

SGS-to-total flux ratios for (e) , (f) qv, (g) qnp and (h) qp. Zero values are represented by dotted 943 

lines. Angle brackets represent horizontal averaging. In (a-d), mean variables are plotted with 944 

dashed lines (top axes) and their SGS fluxes with solid lines (bottom axes), the heights where 945 

〈𝑤′′𝑐′′
Δ

× (𝜕𝑐̅Δ 𝜕𝑧⁄ )〉 > 0 for ∆ = 1 km are shaded. 946 

  947 
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 948 

FIG. 2. Horizontal cross sections of the filtered (a)  𝑢′′𝜃′′
Δ

, (b) 𝑢′′𝜃′′
Δ

× (𝜕𝜃̅Δ/𝜕𝑥), (c) 949 

𝑣′′𝜃′′
Δ

, (d) 𝑣′′𝜃′′
Δ

× (𝜕𝜃̅Δ/𝜕𝑦), (e) 𝑤′′𝜃′′
Δ

, and (f) 𝑤′′𝜃′′
Δ

× (𝜕𝜃̅Δ/𝜕𝑧) from LES at 8 km AGL 950 

with Δ = 1 km. Thin solid contours represent the cloud boundary where qnp = 1.010-6 kg kg-1. 951 

Dashed contours outline the updraft core where w ≥ 10 m s-1. Thick solid lines AB and CD indicate 952 

the locations of the vertical cross sections presented in FIG. 3.  953 
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 954 

FIG. 3. As FIG. 2, but for the vertical cross sections along the horizontal solid lines AB (for 955 

a, b, e, and f) and CD (for c and d) in FIG. 2. Arrows represent storm-related (u, w) (for a, b, e, and 956 

f) and (v, w) (for c and d) wind vectors. 957 

  958 
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 959 

FIG. 4. Profiles of the correlation coefficients r between diagnosed and modeled SGS fluxes 960 

(a) 𝑤′′𝜃′′
Δ

, (b) 𝑤′′𝑞𝑣
′′

Δ
, (c) 𝑤′′𝑞𝑛𝑝

′′
Δ

, (d) 𝑤′′𝑞𝑝
′′

Δ
, (e) 𝑢′′𝜃′′

Δ
, (f) 𝑢′′𝑤′′

Δ
, (g) 𝑢′′𝑢′′

Δ
and (h) 961 

𝑤′′𝑤′′
Δ

 at different horizontal resolutions from 25 to 40 min. Solid and dashed lines represent 962 

correlation of modeled fluxes with the Hgrad and the TKE closures respectively.  963 
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 964 

FIG. 5. Scheme coefficients in the Hgrad closure for (a) vertical 𝐶𝑠,𝑣, (b) horizontal 𝐶𝑠,ℎ, and 965 

(c) momentum 𝐶𝑚 as functions of the horizontal resolution . Circles represent the depth-averaged 966 

temporal mean between 1 and 14 km AGL from 25 to 40 min, and the error bars indicate one 967 

standard deviation from the mean. The dashed lines represent empirical power-law fits. 968 
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 969 

FIG. 6. Horizontal-averaged profiles of  𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ Δ
 (top row) and 𝑢′′𝜃′′̅̅ ̅̅ ̅̅ ̅Δ

 (bottom row) at 970 

horizontal resolutions of (a, f) 250 m, (b, g) 500 m, (c, h) 1 km, (d, i) 2 km, and (e, j) 4 km. Legends 971 

with suffix “D” represent the a priori diagnosed fluxes, those with suffix “R” represent fluxes 972 

from a posteriori online simulations. Note the different x-axis values.  973 
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 974 

FIG. 7. Horizontal cross sections for modeled SGS fluxes of 𝑢′′𝜃′′
Δ

 (top row), 𝑣′′𝜃′′
Δ

 975 

(middle row), and 𝑤′′𝜃′′
Δ

 (bottom row) at 8 km AGL with Δ = 1 km. The left and right columns 976 

represent results from the TKE and the Hgrad closures, respectively. 977 
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 978 

FIG. 8. As FIG. 7, but for the vertical cross sections along the horizontal solid lines in FIG. 2.  979 

 980 
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 981 

FIG. 9. Horizontally averaged profiles for TKE at horizontal resolutions of (a) 250 m, (b) 982 

500 m, (c) 1 km, (d) 2 km, and (e) 4 km.  983 
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 985 

 986 

FIG. 10. Vertical profiles of the horizontally-averaged resolved heat flux 𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ L
−987 

𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ ∆
(dashed lines) and total heat flux 𝑤′′𝜃′′̅̅ ̅̅ ̅̅ ̅̅ L

 (solid lines) at horizontal resolutions of (a) 250 988 

m, (b) 500 m, (c) 1 km, (d) 2 km, and (e) 4 km. Results are from the a posteriori online simulations. 989 
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 990 

FIG. 11. As FIG. 7, but for the a posteriori online simulations.  991 
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 993 

FIG. 12. As FIG. 8, but for the a posteriori online simulations.  994 

  995 



 

51 

 996 

FIG. 13. Horizontal (left column) and vertical (right column) cross sections of wind vectors 997 

and simulated reflectivity field (color shaded) for (a, b) filtered LES, (c, d) simulation with TKE 998 

scheme, and (e, f) simulation with Hgrad scheme. The horizontal cross sections are at 1 km AGL, 999 

and the vertical cross sections are through the updraft cores, their locations are indicated by the 1000 

thick solid lines in a, c and e. Vertical velocity (thin contours at 1 m s-1 intervals begin from 5 m 1001 

s-1) and the outline of cold pool gust front (blue line, the 0.5 K perturbation   from base state at 1002 

10 m AGL) are also presented at the left column. The horizontal grid spacing for TKE and Hgrad 1003 

simulations is 1 km and the plotted fields are at 2100 s. 1004 

 1005 
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 1006 

FIG. 14. Time series of domain-averaged precipitation rate. 1007 

 1008 
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